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Abstract

We propose a new truncated Newton method for large scale unconstrained optimization, where
a Conjugate Gradient (CG)-based technique is adopted to solve Newton’s equation. In the
current iteration, the Krylov method computes a pair of search directions: the first approxi-
mates the Newton step of the quadratic convex model, while the second is a suitable negative
curvature direction. A test based on the quadratic model of the objective function is used to
select the most promising between the two search directions. Both the latter selection rule
and the CG stopping criterion for approximately solving Newton’s equation, strongly rely on
conjugacy conditions. An appropriate linesearch technique is adopted for each search direction:
a nonmonotone stabilization is used with the approximate Newton step, while an Armijo type
linesearch is used for the negative curvature direction. We prove both the global and the super-
linear convergence to stationary points satisfying second order necessary conditions.

We carry out a significant numerical experience in order to test our proposal.

Keywords: Truncated Newton methods, Conjugate directions, negative curvatures, nonmonotone
stabilization technique, second order necessary conditions.

1 Introduction
We consider the solution of the unconstrained minimization problem

nin f(z), (1.1)
where f(x) is twice continuously differentiable on IR™ and n is large. Several appealing algorithms
have already been proposed in the literature to solve (1.1) [1, 4, 6, 10, 11, 13, 17, 19, 7], however
the definition of both robust and efficient methods for large scale unconstrained problems is still
a challenging task. In particular, we observe that the state-of-the-art Newton-type methods are
based on the idea of exploiting the local information on the function f(z), obtained by investigating
the second order derivatives. In the context of large scale problems, the latter task is pursued by
computing at the outer iteration k the pair (dj, s;) of promising search directions [4, 6, 13, 16, 7],
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by means of efficient iterative techniques. Roughly speaking, d; summarizes the local convexity
of f(x) at the current iterate, while s; takes into account the local non-convexity of the objective
function.

In several earlier papers [4, 6, 13, 17] the latter directions were suitably combined in a curvilinear
framework, so that the new iterate is laid on the two dimensional manifold identified by the search
directions. On the other hand, in [7] a couple of search directions is computed, too. Then, a suitable
test attempts to determine if either the first or the second direction is more promising. Furthermore,
according with the chosen direction, a proper monotone linesearch technique is applied in order
to provide the new iterate. The rational behind using a different linesearch technique for each
direction, is the possibility of capturing possible differences between the two directions.

In this paper we draw our inspiration from [7], whose results are suitably extended and partially
generalized. In particular, we extend the approach in [7] by introducing the following effective
ingredients.

(a) We propose an effective use of conjugate directions computed via a CG-based method, for
both the computation and the comparison between the search directions dj and sg.

(b) We use a nonmonotone scheme to improve the stabilization technique. Our stabilization
includes a nonmonotone linesearch technique along the direction di, and a monotone one
along the negative curvature direction sg.

As regards (a), the use of CG-based methods has a twofold importance. On one hand, they are
often the methods of choice to inexpensively and reliably compute a satisfactory approximation
of Newton’s direction. On the other hand they provide, as a by product, a set of conjugate
directions, containing relevant local information of the objective function on an independent set
[5]. As a consequence, the conjugate directions can be suitably combined into the pair of search
directions d and sg, in order to separately summarize the local information on the convexity and
non-convexity of f(x). Moreover, the conjugate directions are “similarly scaled” and so are dy, sg.
The latter property may be considerably helpful to select the most promising direction in the pair.
As regards (b), the role of nonmonotonicity within Newton-type methods was largely investigated
in [4, 11, 12, 13]. The significant numerical experience reported in [13, 14] suggests that over highly
nonlinear and ill-conditioned problems, a nonmonotone stabilization can be very effective when
combined with a Newton-type direction.

This paper is organized as follows. In Section 2 we describe the use of the CG method to both
generate the search directions and satisfy specific conditions for the convergence. In Section 3 we
describe our Adaptive Linesearch Algorithm (ALA) for the solution of problem (1.1), along with
the convergence properties. We provide sufficient conditions so that the algorithm ALA is globally
and superlinearly convergent to stationary points, which satisfy both the first and the second or-
der necessary optimality conditions. Finally, Section 4 reports a detailed numerical experience of
algorithm ALA, over a significant set of large scale problems of CUTEr [8], selected from [10]. An
Appendix completes the paper.

We use the symbol A > 0 to denote the positive semidefinite matrix A, and || - || represents
the Euclidean norm of either a vector or a matrix. With Hj and g, we respectively indicate the
Hessian V2 f(z)) and the gradient V f(zy) at the current iterate xy.



2 The generation of search directions d; and s

Our truncated Newton method generates the sequence {zj} according with the iterative scheme
Tpt1 = T + agzk, where zp € {d, sk} and oy is a suitable stepsize. Throughout this paper we
consider that the following assumption holds.

Assumption 1
e The function f(x) is twice continuously differentiable on R"™;
o Given xo € IR", the level set Lo = {x € R" : f(z) < f(wo)} is compact.

Let us assume that at the current iterate xj we apply the following iterative scheme CG_gen to
solve the Newton equation’.

CG_gen: Conjugate directions generation

Data. xy, gi, Hi, € € (0,2).

Initialization. rg = —gg, po = —gg. Set i = 0.

Do
If |p;" Hypil <ellpil|>  Stop.
Compute 7,1 =7; — piHyps, with p; = p;"ri/pi" Hyp;.
If a stopping criterion is satisfied Stop (see Section 4).
Compute pir1 = rip1 + Bipi, with 3; = ||rig||/]ra]|*.

Set i =i+ 1.
End do
After m + 1 steps the m + 1 directions py, . . . , pn have been generated. In particular, when m > 0

we introduce the disjoint sets of indices
If ={ielo,m) « pjHpi 2 elpill®}y, LY ={i€[0.m] : p/Hyp; < —elpil®}.  (2.1)

Now, we can use the set {pg,...,pm} to generate at step k both a negative curvature direction
sk and a positive curvature direction dy, (search directions). Furthermore, we can select the most
promising direction between s; and dg, according with the decrease of the local quadratic model
q(xg, z) at iterate xy, defined as

1
q(zg, z) = §ZTHkZ + gtz (2.2)

We obtain the following resulting scheme (we recall that plr; = —plg):

'For the sake of simplicity we omit the dependency of p; from the index k.



Scheme 1

If  |po" Hipo| < €lpol|* then

di, = Po = —Gk,
= ws
Else -
9 Pi .
dopipi= =Y, i, if 17 #0
dp =< €l il (2.4)
0 if 1P =0,
9i pi
—ZPiPiZ—Zme if IY # 0
Sp = eIl el ¢ (2.5)
0 if I = 0.
End if

If q(zk,di) < q(zg,sp) choose the direction dy,
If q(xg,di) > q(xg,sk) choose the direction Sk

The next proposition proves that the search direction z corresponding to the largest decrease of
q(xg, z) satisfies a suitable angle condition for an optimization framework.

Proposition 2.1 Assume that the directions di, and s are computed by Scheme 1. Then, there
exist positive constants c¢i and co such that

max{||dgl], [[skl|} < e1llgxll, (2.6)
and

if dy is chosen then gidy < —callgrll?; (2.7)

if sp is chosen then ggsk < —C2||9k|’2-

Proof. First we study the case |po? Hypo| < €||pol|? in Scheme 1. Observe that in the latter
case dy = —gi, and s = 0, so that q(xy, s;) = 0; furthermore, q(zx, —gr) < —|lgrll* + /29| =
—(1 —¢/2)|lgx|/?>. Thus, (2.6) and (2.7) hold with ¢; = ¢y = 1.

On the other hand, for the cases in which |pg” Hipo| > ¢||po||?, from [11] (see formulae (11)-(12))
the positive constants ¢; and ¢y exist such that

max{||dg|, [[skll} < illgll (2.9)

and
gt (di + s) < =&l gl (2.10)



Thus, relation (2.6) follows straightforwardly from (2.9) by setting ¢; = ¢;.
Now we prove (2.7)-(2.8). Since the directions {p;} are computed by CG_gen, the following relations
hold:

(2 7 1
i+ Sl = gfag+ L (— 5 I (- AP ,) g o)

vyt T Hpi® et T Hepi”
T 1 gk P gk Di 3
gk sk + st Hyse = gi sk + j pi) =59 sK  (212)
2 i Vi THp: i P { Hpi 2
If g(xg, di) < q(xg, sk), from (2.11) and (2.12)
gi die < 3g{ sk
then, (2.10) yields
Agk dy, < 39 (di + s1) < —3lgi]” (2.13)

On the other hand if q(zk, dx) > q(xg, si), we have similarly from (2.11) and (2.12)

394 sk < gk di;
then, again (2.10) yields
4gi sk < gi (di, + s1) < —éallgx])*. (2.14)
Finally, relations (2.13)-(2.14) yield (2.7)-(2.8) with respectively ca = 3/4¢; and co = é3/4. O
In order to ensure the convergence results to critical points satisfying second order necessary con-
ditions, we need a negative curvature direction which conveys more information on the local non-
convexity of the objective function. This can be done by adding, when needed, to the negative

curvature direction produced by Scheme 1, an additional negative curvature direction §; whcih
satisfies the following assumption.

Assumption 2 For any outer iteration k > 0 a bounded direction §i exists such that

(c) for every x* € R", with Vf(x*) =0 and V2f(z*) £ 0, there exist 0 > 0 and € > 0 such that
if ||1'k - 1'*H <o, then §£Hk§k < —¢€.

Assumption 2 generalizes the properties of the negative curvature directions proposed in literature,
for defining minimization algorithms globally converging towards second order stationary points
(see, for example [16, 4, 3, 13]). Now we can consider the following Scheme 2 including §j.



Scheme 2

Data: let dy and 5; be directions given by (2.3)-(2.5) of Scheme 1,
let 8 be a direction satisfying Assumption 2.

Compute:
dp = Jk
— N . — A T — ~
o = { S + Sk, if (8% + 8%)" Hi (5% + 8k) <0, (2.15)
Sk otherwise.
If q(zg,d) < q(xg,sk)  choose the direction dj
If q(zg,d) > q(xg,sk)  choose the direction s

The following proposition describes the properties of the directions computed by Scheme 2.
Proposition 2.2 Let us assume that the directions di and s are computed by Scheme 2. Then,

i) there exist positive constants ¢1 and ¢éo such that

max{||d[[, [|5x]|} < erllgell,

(2.16)
max{||dgll, [[sell} < é,
where ¢y is defined in (2.6), and
if dy is chosen then g} dp < —ésllgrl?, (2.17)
if si is chosen then g} sj, + %S{Hksk < —éollgel®; (2.18)

ii) for every x* € ™, with Vf(z*) = 0 and V2f(x*) # 0, there evists o > 0 such that if
ek — 2| < o, then

1 €
T T

+ —s;. H, < —-.
9k Sk 28k ESk 1

Proof. As regards i), relation (2.16) follows directly from Proposition 2.1 and Assumption 2.
Now, to prove (2.17) and (2.18) we first consider the case |pg? Hgpo| < ¢[|po/|* in Scheme 1. In
this case dp = —gx and 5 = 0, and two subcases must be considered. If q(zg, —gx) < q(xg, sk) =
q(zk, 8) then (2.17) follows from the proof of Proposition 2.1. On the other hand if g(zx, —gi) >
q(xg, k) then we have

1 . 1. R 1 1
9r sk + gs;fﬂkSk =gl 4+ §8£Hk8k < —|lgl* + §ggﬂkgk < - (1 - 2E> gk l1?,

so that (2.18) holds with é; =1 —¢/2.

Let us consider now the case |po? Hypo| > ¢||po|? in Scheme 1. If q(zy, di) < q(zk, s) then the
Scheme 2 and the Assumption 2 yield:

1 1
ggdk + idngdk < g,{sk -+ §SZH}€8[€ < g,{gk. (2.19)



Moreover, since the directions dj, and 55 are computed in Scheme 1, it is possible to repeat the
arguments of Proposition 2.1. In particular, recalling (2.11), relation (2.19) yields

1 _ 1 I i
i di, + §d;‘§dek = gldy+ §&£de1@ = 591?611@ < g1 5k,

from which, using (2.10)

3 1= - .

§g£dk < g (di + 3k) < —é2llgil|?, (2.20)
so that (2.17) holds with é; = ¢. )
If g(xg, si) < q(xk, di), since dp = di and the direction dj, is given by (2.4), we can use again (2.11)
to obtain

T L r L ps

then, by the definition of s

1 1 1 +_
S {ggé“k + QS;EFHkSk} < §ng51§. (2.22)

\)

Adding term to term (2.21) and (2.22) we obtain:

3

2

1 1 -
gTsk + 2S{Hksk] < §gg(dk + Sk),

so that, recalling again (2.10), we obtain

3 1 1.
§(ng51~: + §5£Hk3k:) < _502”91@”27 (2.23)

which yields (2.18) with ¢y = é2/2.

The proof of i) easily follows from (2.16) and Assumption 2. In fact, (2.6) ensures that for
every stationary point x* of f(x), there are neighborhoods where the norm of s is sufficiently
small. On the other hand, Assumption 2 implies that the negative scalar §ZH kSk is bounded away
from zero in a sufficiently small neighborhood of the stationary point z*, which does not satisfy
the second order necessary conditions. Therefore we can conclude that for such stationary points
there exists sufficiently small o > 0, such that if |z — 2*|| < o, then from Assumption 2

1 €
ggsk + isfHksk < T

3 The Adaptive Linesearch Algorithm

In this section we describe our new algorithmic framework, which uses the search directions dj; and
s computed in Section 2. We propose at the outer iteration k& an Adaptive Linesearch Algorithm
(ALA), in which the globalization strategy is tailored on the local curvatures of f(z). The relevant
steps of algorithm ALA are summarized in the following points:



Computation and choice of the search direction: We compute at the current iterate zj the pair
of search directions dj and sg, according with either Scheme 1 or Scheme 2. The first
direction dj is given by a linear combination of conjugate vectors, which are positive curvature
directions for f(z) at xp. It can be regarded as a Newton-type direction. On the other
hand, the vector s is a negative curvature direction for f(z) at xy, which contains relevant
information on the subspace of non-convexity of f(x) at xx. Then, a test based on a quadratic
model of f(z) is used to select either dj or sy.

Computation of the new point along the positive curvature direction: When the Newton-type
direction dj, is selected by the test, we investigate whether xj, is in a region where the super-
linear convergence rate holds for dj, (i.e. ||dg| decreases at a suitable rate). In this case, the
unit stepsize is desirable for dy [1]. Thus, we adopt a non-monotone strategy to allow the
acceptance of the unit stepsize along d, as frequently as possible [12].

Computation of the new point along the negative curvature direction: In case the negative cur-
vature direction sj is selected by the test, a stepsize is computed by a monotone linesearch,
which includes the negative term s} Hysy, (see also [15]). In order to compute stepsizes which
take advantage of the second order descent property of negative curvature directions, we also
include extrapolation along sg.

For the sake of simplicity we prefer to give here an informal description of some quantities used in
Algorithm ALA.

Similarly to [12], in algorithm ALA the objective function is not evaluated at any iterate xy; anyway,
it is computed at least once on any N iterations. In addition, when linesearch is performed at
iteration k£ along the search direction d, then the objective function values on the trial points
are not compared with f(x). Indeed, they are compared with the largest value of the objective
function, over the last M iterates before k in which it was computed.

On this guideline, at iteration k& we denote by ¢ the largest iteration index, not exceeding k, where
f is evaluated. Moreover, we use sz to indicate the largest value of the objective function, over
the last M iterates before k in which it was computed (see also [12]).

According with the latter notation we propose the algorithm ALA in Table 3.1. Now we complete
this section by reporting the main convergence results relative to the algorithm ALA. For the sake
of clarity, both the proof of the following theorem and some intermediate lemmas are detailed in
Section 5.

Theorem 3.1 Suppose the algorithm ALA generates the sequence {xy}.

(a) If the search directions are computed by Scheme 1 then, either an integer h > 0 exists such
that V f(xp) = 0, or the sequence {x} is infinite, every limit point x* belongs to Lo and
satisfies the relation V f(z*) = 0.

(b) If the search directions are computed by Scheme 2 then, either an integer h > 0 exists such
that Vf(xp) = 0 and V2 f(xp,) = 0, or the sequence {xy} is infinite and every limit point z*
satisfies the relations V f(x*) = 0 and V2f(x*) = 0.

Proof. See Section 5. |



4 Implementation issues and Numerical results

We report here a numerical experience with our algorithm ALA on a set of standard test problems
from the literature. We applied the algorithm ALA in Table 3.1 in order to generate the sequence
{z}. In the practical implementation of ALA x( is the starting point proposed in the literature.
Moreover, in ALA we set the parameters 8 = 0.5, Ag = 103, § = 0.9, N = 20, M = 100, ux = 1073,
and in the procedure CG_gen we set ¢ = 1078, We considered the test set from CUTEr collection [§]
proposed in [10], discarding the test problems with too few unknowns (< 49). The list of our test
problems and the relative number of unknowns is reported in Table 4.1.

We coded ALA in Fortran 90 (Compaq Visual Fortran) and we used a Pentium 4, 2.53 Ghz, 1Gb
RAM, to perform the computation. For each test problem we set the following limits: 500s CPU-
time, 100000 outer iterations or function evaluations, 300000 inner iterations. The stopping crite-
rion in the iterative scheme CG-gen is the Nash-Sofer rule in [18]. However, based on our experience,
we reformulated the latter rule and considered:

e the possible nonconvexity of the objective function;
e the possible conjugacy loss.

On this purpose, in order to cope with the nonconvexity of f(x), the Nash-Sofer stopping criterion

is modified as
q(zp, di) — q(ag, di—1)

qnd)/i |7
In addition, observe from (2.11) that d! Hyd; + ngdi =0 and ggdi = 2q(zg, d;), so that

~v € (0,1). (4.1)

2q(wx, di) = g di = g di — 2(df Hyd; + gi di) = —2d] Hydi — gy di = — (g, dy).
Thus, the criterion (4.1) can be replaced by

’(I(wk’di) — §(wg, di—1)
Gk, di)/i

and since §(zy,d;) = 2d Hypd; + g,z;d,; = 3/2dI Hyd; + q(zy, d;), from (4.1) and (4.2) we have

[q(zg, di) — q(zg, dim1)] — 2[gf di — gf di—1]

<7, 7€(0,1), (4.2)

i <7, v € (0,1), (4.3)

which is the criterion we used. We remark that (4.3) is theoretically equivalent to (4.1) in exact
arithmetic. However, on our test set when conjugacy loss is experienced in practice, (4.3) performs
much better. The latter result may be interpreted as follows. When 7 increases, the conjugacy
loss may seriously affect the quadratic model used in the test (4.1). In (4.3) (see Proposition 2.2)
we monitor the decrease of both the quadratic model and the directional derivative of the current
Newton-type direction d;, in order to deflate the conjugacy loss.

Finally, the direction §; in Scheme 2 may be computed as in [3] so that the theoretical assumptions
on 5, are satisfied (in addition, the latter choice of 3 always satisfies the condition (53 +58%)7 Hy(5x+
$k) < 0). However, for practical efficiency (see Figure 4.1 for comparative results), we preferred
to set directly s = anpn, where py is the first conjugate direction computed by CG_gen, such
that p%H kN < 0. As remarked in [5], the latter choice is partially motivated by the fact that in
the early inner iterations the CG exploits the eigenspaces associated with the largest (in absolute
value) eigenvalues of Hy. Thus, the first conjugate directions collect significant information on the

10



local curvatures of the objective function.
The algorithm ALA stops (as in [9]) when

IV f (1)) oo < 1075.

Figures 4.1 and 4.2 report the performance profiles [2] of a comparison among LANCELOT B, the
curvilinear truncated Newton method in [13] and ALA. The profiles compare the number of inner
iterations. The legends in the figures also report the failures of each algorithm on the test set.

1 1
0951 0951
0.9 0.9
f————
0.85F 0.85F ===
B r— — =
L L - P————
Pl i
0.8} e 0.8
i
0.75 075}
07} ALA-(dn_first) 8 |4 0.7} ALA-(dn_first) 8 |4
— — - ALA-(dn+dn_best) 11 — — - ALA—(dn+dn_best) 11
o+ ALA=(dn_first+dn_best) 8 o+ ALA=(dn_first+dn_best) 8
065 . . N N 065 . . . N N T N
1 12 14 1.6 1.8 2 2 4 6 8 10 12 14

Figure 4.1: (left) Detail of the performance profile and (right) complete performance profile, on
the comparison among three implementations of ALA. The negative curvature direction si in the
three implementations is given by: (dn_first) sy = anpn, where py is the first conjugate direction
computed by CG_gen, such that p]:f,HkpN < 05 (dn + dn_best) s = Sg + S as in Scheme 2, where §j
is computed according with [3]; (dn_first + dn_best) s = anpn + S, where again §j is computed
as in [3]. The comparison refers to inner iterations.

5 Appendix

In this section we include the proof of Theorem 3.1, along with the lemmas which provide inter-
mediate results to Theorem 3.1.

Lemma 5.1 Suppose the algorithm ALA produces an infinite sequence {xy}; then
(1) {fJM} is nonincreasing and converges to the value fM ;
(2) for any fized j > 0 we have:

< Vh > j + M;

(3) the sequence {xy} is such that x € L, for all k, where L is a compact set.

11
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Figure 4.2: (left) Detail of the performance profile and (right) complete performance profile, on
the comparison among LANCELOT B, the curvilinear Lanczos-based code in [13] and ALA. Here, the
negative curvature direction s; used in ALA is given by s = aypy, where py is simply the first
conjugate direction computed by CG_gen, such that p;{,H gpN < 0. The comparison refers to inner
iterations.

Proof. By definition {zx} 2 {z;)} and for every j > 0 we have f(z,;)) = fj; consequently by
(3.1) we have fJM = maxXg<j<m(j) fj—i, where m(j) = min[m(j — 1) + 1, M], m(0) = 0. Therefore,

m(j+1) <m(j) +1

and
jj\il - ogigln?éﬂ)f(xe(jﬂfi)) = Ogiglﬁ(};)ﬂf(w(jﬂ%)) -
M
= ma.X{f(mg(j+1))70§1%a’r§(j)fj—i} = max{f(ﬂfé(j+1))7fj }

Furthermore, since by the instructions of ALA f(zyj11)) < fJM , the Step 3.1 (b) and the previous
relation yield

< < T = fxo), (5.1)
which proves that { fJM } is nonincreasing. Now observe that from (5.1) it is
CL‘l(]) S [,0, (52)

therefore the nonincreasing sequence { fJM } is bounded from below, hence

lim [ = M,

J—0o0

i.e. the point (1) is proved.
The point (2) follows from the relation f(zp41)) < fM, and the fact that in relation (3.1) f is
calculated considering at most M values of the objective function.

12



As regards the point (3), at first observe that (5.2) and the compactness assumption on £y implies
that a scalar v > 0 exists, such that

v = sup ||z (5.3)
€L
Now consider the points zj such that k # £(j), Vj, i.e. those points where the objective function
is not evaluated and which can be generated only at Step 3.2 of ALA. Let j be the largest index
such that ¢(j) < k. Then, since £(j + 1) — £(j) < N, for all j, from the instructions of algorithm
ALA an integer v < N exists such that

Vi
7k = 24y + 2 Ay (5.4)
h=0
Finally, since
f(@5)) < Flae) = flxo), (5.5)
we have z,y € Lo. Now, from (5.4), (5.5) and (5.3), and recalling that Hdz(j')+hH < Ay

This proves the point (3), where

L= {y € R™: [ly[| < sup {[[«[|} +NA0},

€LY

which is a compact set by the assumptions. O

Let us consider now the following technical Lemma whose proof can be found in [12].

Lemma 5.2 Suppose that the algorithm ALA determines the infinite sequence {xy} and let {z:;)}
be the sequence where the objective function f(x) is evaluated. Let q(k) be the index such that

a(k) = max {7 : 1) < k}. (5.6)
Then a subsequence {xyjy} C {xy;)} exists such that:

L. f]]w:f(xt(])% j:O;Z: sy

2. for any integer k the pair of indices hi and ji exists such that:

0<hk—k§N<M+1), hkzt(jk), (5.7)
f]]\k/[ = f(zn,) < fé\(/[k) (5.8)

Lemma 5.3 Suppose the algorithm ALA produces the infinite sequence {xy}. Then, we have

lim f(z)) = lim £ = M. (5.9)
k—o00 Jj—00

13



Proof. For the proof we define the following three disjoint subsets of iteration indices K; C
{1,2,...},i=1,2,3:

K1 = {k : the iterate x4 is calculated at Step 3.2}
Ko = {k : the iterate x4 is calculated at Step 3.3}

K3 = {k : the iterate x4 is calculated at Step 2.2}.

Suppose K is an infinite subset; by the test at Step 3.2 we have

ldill < 6% Ag ke Ky, (5.10)
where
kﬂoglyrr’ie’clpk = +o00. (5.11)

By defining ay, = 1, k € Ky, from (5.10) and (5.11), considering that § € (0,1) we obtain

li di|| = 0. 5.12
L dim ol (5.12)

Now, consider the indices t(j) in the set {£(j),€(5) — 1,...,£(5) —m(j)} and q(k), which were
defined in Lemma 5.2; we prove by induction that for any fixed integer i > 1 we have:

lim flayg)) = lim flayg) = lim 7= M. (5.13)

(Without loss of generality we assume that the index j is large enough to avoid the occurrence of
negative subscripts.)
Suppose at first ¢ = 1. If ¢(j) — 1 € K1 then (5.12) yields

t )~ Tui)-all =0, 5.14
jco, 116K [4) = @1y (5.14)

so that (5.13) holds from the uniform continuity of f(z) over the compact set L.
If t(j) — 1 € Ko, the relation (3.5) becomes:

ij = f('xt(j)) - f(xt(j)—l + at(j)_ldt(j)_l) S

(5.15)
< Satu -1 peui 9@ 1) dig
which yields
ft%f(j)—l) o fJM Z o (j) -1 ’g(ajt(j)fl)Tdt(j)fl‘ . (5.16)
Thus, recalling the point (1) of Lemma 5.1 we obtain
li o S N s =0
oo L e, CH0) 19(x4(5)-1)" di(j)-1 = 0,
so that from Proposition 2.1 along with relation ay;)—1 < 1, we obtain

j—o0,t(j)—1€K2

Again, the uniform continuity of f(z) over £ and relation (5.17) yield (5.13).
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If t(j) — 1 € K3, then
£ = F@g) < Flagy-1) +n (at( )-19i(5)—15t) -1 + %O‘f(j)—13tT<j)—1Ht<J)—13t(j>—1) o (518)
therefore from Proposition 2.1 and considering that ngksk <0, (5.8) yields

< flag-) < f]V{t

so that taking the limit 7 — oo, t(j) — 1 € K3, we obtain (5. 13)
Suppose now that the relation (5.13) holds for the index i, i.e.

lim f(xy;)-;) = M = lim £, (5.19)
j—00 j—00
then we prove relation (5.13) for index i + 1. We consider again three cases.
If £(j) —i — 1 € Ky then (5.12) yields

; - =0, 5.20
J—00, t(Jl'?—li—lelCl th Ti(5)—i— 1l = ( )

so that (5.13) holds for index i + 1 from the uniform continuity of f(x) over the compact set L.
If t(j) —i— 1 € Kq, the relation (3.5) becomes:

F@uy—i) < Fole)—i1) + 1o —i-19(@g)—im1) " di()—i-1 (5.21)
which yields
f%g(j)—i—n - f(xt(]) i) = KO (5)—i—1 ’g(xt(j)fifl)Tdt(j)fifl‘ . (5.22)

Thus, from (5.19) we obtain

li N T —(
j—00, t(;gi—lng Qt(5)—i 1g(xt(J) t 1) t(j)—i—1 s

so that from Proposition 2.1 along with relation a;;)—;—1 < 1, we have

jﬂoo,t(%@iqe/cz, @t(i)—i-1 Hdt(j>—i—1H =0. (5.23)

Again, the uniform continuity of f(x) over £ and relation (5.23) yield (5.13) for index i + 1 .
Ift(j) —i—1 € Ks, then

F(@y)—i) < f@i)—io1) + 1 (at(]) =190y i 15t () i1 5005 i 151 i1 Hi)—i-150() ¢—1) ;
(5.24)
therefore from Proposition 2.1 and considering that s Hysg < 0, (5.8) yields
f@egy—i) < fl@ygy-im1) < f(%(j)fifl)

so that taking the limit j — oo, t(j) —¢ — 1 € K3, from (5.19) we obtain (5.13) for index i + 1.
Finally, recalling relations (5.7) and (5.8) we can write for any index k

hy—k—1

f(l’k) = f(xhk) - Z [f(xhk—l) - f(xhk—i—l)] ) (5‘25)

=0

and from (5.13), taking the limit £ — oo we obtain
lim f(zg) = lim f(zp,) = fM
k—o0 k—o0

which is the final statement (5.9). O
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Proof of Theorem 3.1

Proof. From the point (3) of Lemma 5.1 z; € L, for any k > 0, where £ is a compact set.
Therefore, from Lemma 5.3 and relation (5.1) the sequence {zj} admits limit points in £y. Now,
let * be any limit point of {x}}, and let {z}x be a subsequence such that {x}x — x*. Consider
the subsets K1, K9 and K3 introduced in Lemma 5.3.

If the subsequence {zy} ki, is infinite, from (5.12) and since oy = 1, we have

i di|| = 2
b o, ldkll = 0. (5.26)

Therefore relation (2.7) of Proposition 2.1 and the latter relation yield (a).
Suppose now that the subsequence {zy}ink, is infinite. From (3.5)

‘fJM — flar + akdk)’ > paggy d,

so that from Lemma 5.1 and Lemma 5.3 ‘fJM — f(xg +akdk)‘ — 0; thus, two cases must be

considered: either

li = 2
k—o0, I;Iellcﬂ/CQ “k 0 (5 7)

or

lim Lde = 0. 5.28
k—o0, keKXNK 29k k ( )

In the first case an index k exists such that a < 1, k > k, k € K N K2, and from (3.5) we have

f (.’Bk + 3 dk> > fM ﬁ ugk dk > flxg) + ?k,ungdk, ke KnNK,. (5.29)
From the Mean Value Theorem flzy + (ar/B)di] = f(xx) + (ar/B)g(up) dg, for any k > k,
up = xp + Epag /By, & € [0, 1]. Thus, since ag > 0, 5 > 0 we obtain from (5.29)

g(ur)" dy > pgj dy, ke KNKa, k>k; (5.30)

moreover as k — 00, k € KN K, xp — x*, ur, — x*. Recalling that p € (0,1/2) the latter relation
and (2.7) of Proposition 2.1 imply g} dy — 0, k € K N Ka, so that (5.27) implies (5.28).
In the second case if (5.28) holds, again (2.7) of Proposition 2.1 ensures that gy — 0, k € K N Ko,
which yields (a).

Finally suppose that the subsequence {zy}ink, is infinite. From (3.3)

1
|f(@rar) = flar)| = g |angf si + QaisfHkSk , ke KnKs,
so that Lemma 5.3 yields
lim « gTs + 10423TH;.381€ =0;
koo, keknicy | kTR T 9 TRk :
therefore either
lim ar =0 (5.31)
k—o0, keKXNK3
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or (we recall that g,{sk < 0 and s{Hksk <0)

lim s, =0
k—oo, keKNK ggk k

(5.32)
- T
H =0.
koo, hekrics kTRE

If (5.31) holds we have from Step 2.2

1 2
f (xk + CIYBkSk> — f(:):k) > (Oggg;{Sk + § <0g> Ssz8k> , ke KnKs,

and the Mean Value Theorem eventually gives

« 1 (ap\? o 1 /a2
Fkg,zsk + B (;) SEH (ug)sp > p (;ggsk + 5 <ﬁk> sgﬂksk> , ke KNKs, (5.33)

where H(uy) = H(z + wgar/Bsk), wi € [0,1]. Now, from (5.33), Proposition 2.1 and considering
that SZHksk <0, for k € KN K3 we have

la
st Hké“k] < = =FsT[H(u) — Hy] g, (5.34)

OS(N—l){9k5k+ WAL

2
so that, since a, — 0, k € K N K3, relation (5.34) yield

i Sk + Sk FHysy, = 0,

lim
k—o0, kGICﬂICg ﬁ

so that

lim = 0. 5.35
koo, keKNKs 9k Sk (5.35)

Furthermore, recalling that gf s, < 0 and s} Hysp <0, relation (5.34) yields

1 ay, la
0< 5(# - 1)F55Hk8k <(u—1)|gFsk+ = 25 T Hysp| -
The latter relation along with relation (5.34) yield
lim s} Hysp = 0. (5.36)

k—oo, keKNK3

Therefore, recalling (5.35) and (5.36), condition (5.31) implies (5.32). Finally, for £ € KN K3
Proposition 2.1 and relation s;‘gH kSk < 0 yield

1
gi sk + §5£Hk5k > col|ge|l”. (5.37)
Thus, relations (5.35), (5.36) and (5.37) yield gr — 0, k € K N K3, which again proves (a).
In order to prove the point (b), suppose by contradiction that the subsequence {x} } converges
to the limit point =*, with g(z*) = 0 and H(z*) # 0, i.e.

li =z ) = H(z* . .
o dim  TE =27, g(z*)=0 and H(z") <0 (5.38)
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Then, from (5.38) and ii) of Proposition 2.2 an index k € K exists such that for k > k and
k € K then
q(zp + sg) < —6/4, (5.39)
where € was defined in Assumption 2. On the other hand, from the Proposition 2.1 and (5.38) we
have
li dy) =0
amalon + di) =0,

so that for k > k and k € K then
q(zp + sp) < q(p + di).

This implies that for £ > k and k € K then k € K3. Finally, recalling (5.35)-(5.36) we obtain a
contradiction with (5.39), since
€

i =0.
4 > k—»oo,llgelICﬂng 9(Tk + s
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ALA (Adaptive Linesearch Algorithm)

Step 0. Choose zp € R", € (0,1), Ag>0,0€ (0,1), N>0, M >0, pe€(0,1).
Setk=10=j=0, A=A, M= fo= f(x0).

Step 1. Computation and choice of the search direction. If direction di is chosen in
Scheme 2 then execute Step 2, otherwise execute Step 3.

Step 2. Linesearch along the negative curvature direction.

Step 2.1. Check on the function. If k # ¢ compute f(xy) and
if f(zg) > ij, backtrack to g, set dp = dg and go to Step 3.5;
else, set j =j+1, L(j) =k, fj = f(zr) and update fJM by

S = max  fii, where  m(j) = minfm(j =)+ LM} (31)
Step 2.2. Monotone linesearch. Choose o > 0. If

f(wp +orsy) < flag) +p (nggé’k + %UisfHkSk) , (3.2)

then set oy, = "oy, where h is the largest non-positive integer such that

Flan + arse) < Fan) + i (angl sk + sofsh Hisy) (3.3)
2
o+ SEs) > f(o) + (Ogg% st i () o Hm> (3.4

otherwise set ay, = "oy, where h is the smallest positive integer such that (5.3) holds.
Set xpy1 = xp +ogsp, k=k+1, j=7+1,0j) =k, fj = f(xr), update fJM by
(3.1) and go to Step 1.

Step 3. Linesearch along the Truncated Newton direction.

Step 3.1. Function control every N steps. If k = {+ N compute f(xy) then:
if fxg) > f]M, backtrack to xy, set dr, = dy and go to Step 3.3;
else, set j = j+ 1, £(j) =k, fj = f(xx) and update fJM by (3.1).
Step 3.2. Test for acceptance. If ||dy| < A, set zpy1 =z +dk, k=k+1, A=0A
and go to Step 1; otherwise, if k # £ compute f(xy) and
if flxg) > f]M, backtrack to xy, set dp = dy and go to Step 3.3;
else set j=j+1,0(j) =k, fj = f(xr) and update fJM by (3.1).
Step 3.3. Nonmonotone linesearch. Set aj, = " where h is the smallest nonnegative

integer such that
fr + ardy) < £+ appgf dy, (3.5)

set wpi1 =T +apdy, k=k+1, j =41, L) =k, f;j = f(zx), update f} by
(3.1) and go to Step 1.

Table 3.1: The algorithm ALA (Adaptive Linesearch Algorithm).
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ARGLINA
BROWNAL
CLPLATEC
CURLY30
DIXMAANE
DIXMAANJ
DQRTIC
EIGENCLS
FREUROTH
MANCINO
NCB20B
NONDQUAR
PENALTY3
RAYBENDL
SCURLY10
SPARSINE
TESTQUAD
VAREIGVL

200
200
4970
1000
9000
9000
5000
2652
5000
100
5000
5000
120
2046
100
5000
5000
50

ARGLINB
BRYBND
COSINE
DIXMAANA
DIXMAANF
DIXMAANK
EDENSCH
ENGVAL1
GENROSE
MOREBV
NLMSURF
NONMSQRT
POWELLSG
RAYBENDS
SCURLY20
SPARSQUR
TOINTGSS
WOODS

200
5000
10000
9000
9000
9000
10000
10000
500
5000
5329
100
5000
2046
100
10000
5000
10000

ARGLINC
CHAINWOO
CRAGGLVY
DIXMAANB
DIXMAANG
DIXMAANL
EG2
EXTROSNB
HYDC20LS
MSQRTALS
NONCVXU2
oDC
POWER
SBRYBND
SCURLY30
SPMSRTLS
TQUARTIC

200
4000
5000
9000
9000
9000
1000
1000
99
1024
5000
4900
100
500
100
4900
5000

ARWHEAD
CLPLATEA
CURLY10
DIXMAANC
DIXMAANH
DIXON3DQ
EIGENALS
FMINSRF2
LIARWHD
MSQRTBLS
NONCVXUN
PENALTY1
QUARTC
SCHMVETT
SENSORS
SROSENBR
TRIDIA

5000
9900
10000
9000
9000
10000
2550
5625
5000
1024
5000
1000
5000
5000
100
5000
5000

BDQRTIC
CLPLATEB
CURLY20
DIXMAAND
DIXMAANI
DQDRTIC
EIGENBLS
FMINSURF
LMINSURF
NCB20
NONDIA
PENALTY?2
RAYBENDL
SCOSINE
SINQUAD
ssc
VARDIM

5000
4970
10000
9000
9000
5000
2550
49
5329
5010
5000
200
2046
5000
10000
4900
200

Table 4.1: List of our test problems from CUTEr [§].
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