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Abstract

This paper extends some theoretical properties of the Conjugate Gradient-type method FLR
[Fas05], for iteratively solving inde nite linear systems of equations. The latter algorithm is a
generalization of the Conjugate Gradient (CG) by Hestenes and Stiefel [HS52].

On one hand, here we carry out a complete relationship between algorithm FLR and the Lanc-
zos process, in case of inde nite and possibly singular matrices. On the other hand we develop
simple theoretical results for algorithm FLR, in order to construct an approximation of the Moore-
Penrose pseudoinverse of an inde nite matrix. Our approach supplies theory for applications within
nonconvex optimization.

Keywords : unconstrained optimization, Krilov subspace methods, planar conjugate gradient,
Moore-Penrose pseudoinverse.

AMS subject classi cation: 90C30

1 Introduction
In this paper we consider the solution of the dense linear system
AXx =b; (1)

where the symmetric matrix A 2 IR"E" is inde nite and possibly singular, b 2 IR" and n is
large. Many real large scale problems require the solution of linear system (1) and they often
need the use of excient solvers, along with easy and handable software packages. A great deal of
iterative algorithms for solving linear system (1) provide us with useful and e=cient tools [GV89];
nevertheless, the selection of the appropriate method is often a sti® problem for non-specialists.
In case Krylov subspace methods are considered [Gre97, SVdV00] and good preconditioners are
adopted, the di®erences among methods become less relevant [Han98]. However, this trivially shifts
the problem to the identi cation of a suitable general purpose preconditioner.

When problem (1) becomes ill-conditioned, the numerical treatment is more complicated and
some regularization techniques, which use additional information for stabilizing the solution, are
often advisable [Han98]. Moreover, optimization frameworks provide strong motivations for inves-
tigating the solution of possibly singular system (1).

In particular, consider the solution of nonlinear least squares problem

H 1 2. . n m.
Xrglgln Ekr(x)k ; r:R" @1 IR™; 2)
by means of the damped Gauss-Newton method [Bjo96]. Let J(x) 2 IRMEM be the Jacobian of
vector function r(x), at current point X. Then, at step k the latter method considers the linear
approximation r(x,) + J(x,)d, of r(x) at x,, and computes dy as a solution of the unconstrained
subproblem

erIiFrgn kr(xx) + J(xx)dk: 3)

Then, the next iterate is Xx+1 = Xk +®ydk, where the steplength ® 2 IR is selected by a linesearch
procedure [McC83]. Let J*(xk) be the Moore-Penrose pseudoinverse of matrix J (k) [CM79]: the



choice dx = j 3™ (xK)r(xx) among the solutions of (3) has a couple of remarkable advantages. It is
invariant under linear transformation on x, and it is a descent direction for the objective function
in (2) [Bjo96]. In particular, the latter property is used in [LS03, FLS04], where the CG is adopted
to compute dy, i.e. for equivalently solving the linear system J7(xx)J(xk)d = §J T (xi)r(x«x) (see
also [Hes75]). Observe that in general the matrix J T (xx)J (Xx) is rank de™ cient.

Another application within nonconvex optimization, which involves the solution of possibly
singular system (1), is the Newton method for eigenvector computation. Suppose . 2 R is an
approximate eigenvalue of the inde nite matrix H 2 IR™", associated to eigenvector v 2 IR".
Then, a non-trivial solution x° of the linear system (H j _1)x = 0 yields an approximation of
vector v. The Newton method is often the method of choice to this purpose and gives the iterate
[WSS98]

Xern =X i (H i D (4)
where re = (H j . 1)Xk, Xo 2 IR". Since (4) is not well de ned, it is turned into iteration [GV89]
Xerr =Xk i (H i D)1 (5)

by introducing the Moore-Penrose pseudoinverse of (H j _1). Under suitable assumptions (5) is
convergent to an approximation x® of eigenvector v. Observe that the pseudoinverse (H j ,1)* is
also an inner inverse, i.e. (Hi DH i . D*H i . )=Hj_.1),andthatry =(H j . x«x.
Therefore, on large scale problems, iteration (5) may be solved as the equation

Hi DO+ i Xk) = irk (6)

and a Krylov based method may be adopted. Unfortunately, since matrix H is inde nite, the CG
may fail. We consider in this paper a generalized CG method, and we prove that under suitable
assumptions it provides the pseudoinverse solution of equation (6). An iteration similar to (5) is
introduced when the Jacobi-Davidson method [SVdV96] is used, in place of Newton's method, for
computing the eigenvector v.

The above examples, along with the low computational cost and the low memory-demand of
CG-like methods, induced us to study and consider algorithm FLR in [Fas05], as a possible candi-
date for solving (1).

We also prove the complete theoretical relationship between algorithm FLR and the Lanczos pro-
cess. Equivalently, under few assumptions, algorithm FLR is proved to generate, in exact arith-
metic, the sequence of Lanczos vectors.

In the following sections we use the symbol k ¢ k to denote the Euclidean norm for both a real
n-dimensional vector and a real n £n matrix. We use the notation xTy for the inner product
between vectors x;y 2 IR", so that x ? y is equivalent to xTy = 0. O is the m £ n matrix
with all entries equal to zero. With R(A) and N(A) we respectively denote the range and the
null space of the symmetric matrix A 2 IR"8". With K;(v; A) we indicate the Krylov subspace
spanfv; Av;:::; Alilyg associated to vector v 2 IR" and matrix A 2 IR"6", Pr,(v) indicates
the projection of vector v onto the linear vector space W. Finally, . = min; j,j(A) and v =
max; j,j(A)j, where _;(A), j . 1, are the eigenvalues of the symmetric matrix A.

The paper is organized as follows: Section 2 deals with the description of few general prelimi-
naries. Sections 3 and 3.1 provide some relevant features of the CG, when used for solving (1) and
the coezcient matrix A is positive semide nite. Sections 4 and 4.1 extend the results of Sections 3
and 3.1, to the application of planar algorithm FLR in [Fas05]. Here, under mild assumptions the
latter algorithm is used to construct an approximation of the Moore-Penrose pseudoinverse A™.
Section 5 provides a noteworthy relation between algorithm FLR and the Lanczos process. Finally,
Section 6 contains both conclusions and perspectives related to the treated subject.



Table 1: Algorithm CG for solving the linear system (1).

Stepl. Setk=1, x12IR", r; =b j Axy.
If 1 =0, then STOP. Else, set p1 = r1.
Step k. Compute di = plApk, ® = r} pe=dy,
Xk+1 = Xk F O Pk, ka1 = Nk 1 O Apg.
If re41 =0, then STOP. Else,
set i = iPfAN+1=0dk, Par = Feer + kPk-
Set k =k + 1 go to Step k.

Table 2: The Lanczos process applied to system (1).

Step0. k=0,vo=b2IR",
Uo =0, o = kbk.
Step k. If xx =0, then STOP. Else, Uk+1 = Vi=tk.
Setk=k+1, °k =ufAu,
Vk = (A § %klUk i tkj1Ukj1
+1c = kvgk, go to Step k.

2 Some general results

In this section we introduce few general results for the solution of (1) which will be largely used
in the sequel. Consider the CG-based algorithm FLR described in [Fas05] (see Table 3). The
latter algorithm is a general planar method [Lue69, Hes80, LS91, DDS85, MC69] for solving (1),
when A is inde nite; i.e. it avoids the possible pivot breakdown of the CG in the inde nite case,
by introducing 2 £ 2 pivot elements. We are concerned with proposing some new properties of
algorithm FLR in case matrix A in (1) is singular. Tables 1 and 3 brie®y recall both the CG and
FLR methods for the convenience of the reader.
We remark that the Krylov based algorithm FLR is a generalization of the CG in case matrix A is
inde nite. Indeed from Table 3, as long as the quantity dix at step Kk is relatively large, a CG step
is performed at step ka. On the contrary, whenever d is relatively small the vector gk is generated
at step kg, so that the search of the solution for (1) is detected over the 2-dimensional manifold
spanfpy; g (see also [BCY4]).

Now, on one hand we aim at determining properties of algorithms CG and FLR in case matrix
A is singular. Then, we study the relationship between the sets of orthogonal directions generated
by the Lanczos process and algorithm FLR, when solving (1). To this end consider algorithms CG,
FLR and the Lanczos process (Table 2), where without loss of generality we assumed vy = b at
Step 0 (see [S03] for a more general choice). Recalling the symmetry of matrix A, let either the
~rst nonzero Lanczos vector up or the rst residual ry in algorithms CG and FLR be given by

up=y+z;, y=PrrnaU); z="PryaUi); )
rn=y+z Yy = Prrey(r); z=Pry,(r):

Then, the following general result holds:



Table 3: Algorithm FLR for solving the linear system (1).

Step 1. Setk=1, x12 |Rn, rr=»b i AX1.
If r1 =0, then STOP. Else, set p1 =r1.
Step k. Compute dx = p} Apk; set 2 > 0.
If jokj . 2xkpkk?, go to Step Ka.
If jokj < 2ckpkk?, go to Step kg.
Step ka. Set ay = r{ p=dy, Xi+1 =Xk + kP, Merr = M i aAPk.
If resq =0, then STOP. Else,
set b = i P Ark+1=di and py+1 = Mg + bePi.
Set k =k + 1 go to Step k.
Step kg. If k =1, then set qx = Apk.
If k >1 and the previous Step is (k j 1)a, then
set ki1 = i(Apkj1)" Apk=di;1 and gk = Apk + ki 1Pk;j1-
If k > 1 and the previous Step is (k j 2)g, then

set “ki2 = 1(Adk;2)TApk and gk = Apk + "k 2(dk 5203 2 i *k;2Pk;2)=Ck ;2-

Compute ¢k = Iy pk, *k = PpAdk, €k = dfAd, Gk =dkex i +f and
O = (Ckek i Oy l’k)=¢k/,\ A = @Aegl 1y i J_rkck):(l:k/\.

Set Xk+2 = Xk + &Pk + dkOk, Mk+2 =k i OAPk i dkAdk.

If rkap =0, then STOP. Else,

compute B = g Aryp and set Pyas = Meas + B (il T 2iP)=Ci-
Set k = k+ 2 go to Step k.




Lemma 2.1 Given the symmetric matrix A 2 IR"E", let P;j(2) be a nonzero real polynomial of

“nite degree i _ 1. Let yi1;:::;yk be eigenvectors of matrix A associated to nonzero eigenvalues
.1, 000 .k Of Al

1. If vector y has nonzero orthogonal projection only on eigenvectors yj,;:::;yj,, with jn 2

f1;:::; kg, h =1;:::;1, then we have Pi(A)y = 0 only if i _ f, where f - I is the number of

2. The sequence fP;(A)yg, which is dependent on index i, contains at most {'linearly independent

vectors.
Proof.
As regards 1. let the vector y have nonzero il_r)thogonal projection on the | eigenvectors yj,; :: :; Vi,
then the vector ¢ 2 IR! exists such thaty = 'h=1 CinYjn: Cjn &0, h=1;:::;1. From the symmetry
of matrix A the orthogonal matrix V 2 IR™E" exists such that:
A=VDVT; D =diagf,1;:::; ,k;0pnik0 VvV = [y1tteykzatttzniil; (8
where z1;:::; Zn;k are orthonormal eigenvectors associated to the zero eigenvalue. Thus, for any i
Pi(A) =VPi(D)VT; 9)
and consequently P;(A)y is given by:
O 1
Pi(.1)
Pi(.1) X
Pi(Ay = V Pi(1+1) GV Tyi,,
. h=1
Pi(Lk)
I:)i(o[n ikinij k])
= Vv,
where v2 IR" and forp=1;:::;n
8 : i .
< ¢cpPi(.p) ifp2fj1;::5 19
Vp= _

- 0 otherwise:
Since cj,, & 0, for any jn 2 fjq;:::;Jig, and V is nonsingular, Pj(A)y = 0 if and only if Pi(_j,) =0,
jn 2 Fj1;::1:019. In particular this implies that all the f* distinct eigenvalues in the set LINTRRR A
are roots of the polynomial Pj(_). Consequently, if Pi(A)y =0 then i _ '

As regards 2. let f_j,;::: 7, j.g be the distinct eigenvalues out of the | eigenvalues associated to
eigenvectors yj, ;:::;Yj,- Then, from the hypothesis
@) 1
X X x Xk
y= = @ CinYinf = Wy (10)
h=1 %=1 jn2ou, %=1

P
where gy, = fj, 2 fj1;::0 J19 sitt 9,4 2 IR Ayj, = .%Yj,0 and wy, = in 25, CinYin - Observe
that (,y;ws) is an eigenpair of matrix A and eigenvectors wy;:::;wy are independent, therefore
from (10) Pi(A)y 2 spanfwy;:::;wg, for any i _ 1. This implies that the sequence fP;(A)yg
contains at most {'linearly independent vectors, regardless of the choice of index i _ 1. 2

5



Remark 2.1 Observe that according with the de nitions used in [S03], the integer { of Lemma 2.1
is the grade of y with respect to matrix A, i.e. the lowest degree of the polynomial P (A) such that
P(A)y = 0. Therefore Lemma 2.1 states a relationship between the grade of y and the eigenpairs
of matrix A. Furthermore, connections between the polynomial P(A) and the minimal polynomial
of matrix A were highlighted in [Hes75].

3 Issues on the CG when matrix A is singular

Consider the solution of linear system (1) by means of CG. A sequence of conjugate directions
is generated, provided that matrix A is positive de nite. We brie°y recast a similar result when
matrix A is positive semide nite, using Lemma 2.1 (see also [Hes75]). Let matrix A be positive
semide nite and

Li>0; i=1;::::k; (1)
Li=0; i=k+1::::n; (12)
where f_jg are the real eigenvalues of A. Thus, for any vector p 2 IR", coezcients ¢; 2 IR,
i = 1;::::k, exist such that

X

p=z+ Ciyi (13)

i=1
where z is the orthogonal projection of vector p onto the subspace N(A), while yi, i = 1;:::;k,
are k orthonormal eigenvectors associated to the eigenvalues (11). From (11), (12), (13) and the
symmetry of matrix A we obtain

T X 2
PPApD= CLi: (14)
i=1
Thus, if matrix A is positive semide nite then p” Ap & 0 if and only if p @ N (A). This implies that
in the semide nite case, the CG in Table 1 does not stop untimely as long as p;  N(A), i _ 1,

where p; is the conjugate direction generated by the CG at step i j 1. In addition we have some
further results:

Proposition 3.1 Let matrix A in (1) be positive semide nite, and let ry in Table 1 satisfy (7) and
the hypothesis of Lemma 2.1. If algorithm CG generates the mutually conjugate vectors py;:::;py,
with pi @ N(A), 1=1,:: -: 1} then the latter vectors are linearly independent.

(The proof of the above proposition trivially follows from Lemma 2.1 and the guidelines of the
positive de nite case). The statements of Lemma 2.1 and Proposition 3.1 yield the following result:

Theorem 3.1 Consider the linear system (1) and let matrix A be positive semide nite. Let in the
CG of Table 1

r=y+z, Yy =Prrey(r); z=Prye)(r): (15)

Suppose vector y has nonzero projection on the eigenvectors yj,; :::;Yy;j, of A, and only -1 eigen-
values associated to yj,;:::;yj, are distinct. Then algorithm CG generates the sequences

ri = iij1(A)y+z; i=1:::::f 16

Pi = =i (A)Y + 1512 =150 (16)



where jj(®?) and —j(3) are real polynomials with degree j, 1j 2 IR, j < f. The quantities ij(A),
—j(A) and ! are recursively de ned as follows:

io(A)=1, iiA) =iji1(A) i ®jA-j;1(A),  J .1
—o(A) =1, —iA) = ii(A+ j-jiA), .1 (17)
Iy =1, =1+ ;0 .1

where ®; and j are calculated in algorithm CG. Finally, directions pj, i =1;::: f\ satisfy condition
pi @ N(A) and are linearly independent.

Proof.
By complete induction, when i =1 itisr; =p; =y +2z, jo(A) = —o(A) =1 and !y = 1. Now, let

ri;1=iij2(A)y +z;
Pij1 = —ij2(A)y + i;2z;

With §i;2(A) = 1i;3(A) 1 ®;2A—i;3(A), —i;2(A) = ii;i2A)+ ii2-i;3(A), Yij2=1+ j;2ti;s
Then, from Table 1 and (15) vectors r; and p; are given by

i = rij1i®ij1Apij1 = §ij2(A)Y +2 i ®i;1A=ij2(AY = iiij1(Ay +z; (18)
P = it P = Ay 24 i-i2(A)Y +oiialiez = —iga(A)y + 1iizi(19)

Hence, (16) and (17) hold. It remains to prove that directions py;:::;ppare linearly independent
and satisfy p;  N(A), i - {. The symmetry of matrix A yields yTz = 0, thus from (16), pi 2 N(A)
if and only if —i;1(A)y = 0. However, from Lemma 2.1 the latter equality cannot be satis ed as
long asi - f Therefore p; 8 N(A), i = 1;:::;, so that the results of Proposition 3.1 complete the
proof. 2

2.1 the CG generates exactly {'conjugate directions pi 8 N(A), i - {, before stopping.

3.1 The CG and the Moore-Penrose pseudoinverse

Letry =y +zin Table 1, withy = Prg(ay(r1), z =P ry(a)(r1). If z & 0 we have from (16) r; & 0,
forany i _ 1. Thus, if z & 0 the CG will not converge to a solution of linear system (1).

On the contrary if ry 2 R(A), then from (16) ri =0 if and only if ji; 1(A)y=0(.e. 1 j1= f).
Moreover from Theorem 3.1 if ry 2 R(A), then r; &0, i =1, :: .1 and Lemma 2.1 yields Moy = 0.
Thus, if z =0 algorithm CG eventually provides a solution x of (1).

Consider the Moore-Penrose generalized inverse A* [CM79] of the positive semide nite matrix A
in (1). If Ax =D then A*b = Prreay(®) [CMT79]. Since by de nition r; =b j Axy, we get

P rreay () = A™h = A™(r1 + Ax1) = A"y + Prgeay (xu): (20)

Now, let r; =y +z, with z=0, and let RS(r;;A) = spanfy;,; :: :;yjfgl. We prove that algorithm
CG supplies an approximation of matrix A* on the linear subspace RS(r;;A) (see also [Hes75]).
Indeed, we have

N

) ¢
X=X1+  @p;; (21)
i=1

IWe remind that according with Theorem 3.1 Vi, 1= 1500 :f, are eigenvectors of matrix A, associated to the
distinct positive eigenvalues on which the initial residual ri =y has nonzero projection.



and recalling that r{ pi = r{ pi, after a projection of (21) onto R(A) we obtain?
2 3

-nl
P rreay (¢ i X1) =P rreay00) i Prreay(x) =4 %5 ra: (22)
i=1 pi Apl

From (20) and (22), observing that z = 0 we obtain for any y 2 RS(r;; A)

2 3

4A+'j\<—pip‘T Sy= A" i (rtttpgDortttnyT y=0;  Dn=di foT Ap:qt (23
IizlpiTApi y= i (Pot¢epyDL(pytttpy)’ y =0; = diag, . fp{ Apig; (29)

which proves that an approximation of the pseudoinverse matrix A* can be iteratively calculated
by algorithm CG, on subspace RS(ry;A).

Remark 3.1 Observe that RS(ry;A) ~ K]«il(rl;A), i.e. (23) provides an approximation of A*
over the Krylov subspace spanned by vectors py;:::;pp

As proved above (see (16)), if z & 0 the CG in Table 1 does not converge to a solution for the linear
system (1). Nevertheless also in this case we are concerned with investigating the results provided.

Bamma 3.1 Let b  R(A) and let the hypothesis of Theorem 3.1 hold. The solution ¥ = x; +
ii\=1 ®;p; provided by CG when solving (1) is not a least square solution of (1).

Proof.
Indeed (see (15) and (16)) from Theorem 3.1 directions py;:::;ps are generated. Then, setting
Bi = —i;1(A)y, i =1;:::; 1 we have p; = B + ;12 and recalling that r] p; = r]p;,
X = X1+*®'p _X1+* plp-lr rq
B L T Ap:
i=1 i=1 pi Ap'
X iy kzk2p;i + plyz + 1. 1kzk?z*
= X1+ T—Ir1+!ii1 IT 1
i1 Py ABi B ABi
X ogar 2 - X TaTyarkek2e
= X1+ E'Ié' ra+ !iil—l:—Zk B o+ L Ié.y+T-.,1kzk z: (2%
i1 B ABi Bi Adi -1 B ABi
Then, since r1 =y +z and y has nonzero orthogonal projection only on eigenvectors yj, ;:::;VYj,
we get from (23) and (24)
2)'\( 3 2){\( 3
Bipl kzk?
Preeay®) = Prray(x)+4 L 5y+4 1., — a5
2 3
— + 4 1. ka2 5. S . .
= Prra(xa) +A7y + -|ilm|§| ; 8y 2 R>(r1; A): (25)
i=1 i !

2We remark that for the linear space R(A) the following property holds:

Prrey(Y1 i ¥2) = Prreay (1) i Prrea) (¥2): 8y1;y2 2 R™



Now, by contradiction let x be a least square solution of system (1), then it should be x = A*h+ 2z
with 2 2 N(A), hence

Prray(®) = ATh =A™ (r1 + Axy) = ATy + Prgea)(Xu): (26)

Comparing (25) and (26) we realize that (26) does not hold, because the right most term in (25) is
nonzero in general. Therefore, X cannot be a least square solution of system (1). 2

4 Issues on algorithm FLR when matrix A is singular

Here we aim at extending the results in [Hes75, Hes80] and the previous section, when considering
algorithm FLR in Table 3 for solving (1), in the case of inde nite and possibly singular matrix
A. When the inde nite matrix A is nonsingular and algorithm FLR has not yet stopped, at step
k we have either dy & 0 or ¢, & 0 [Fas05] (i.e. we are ensured thet either step ka or step kg
can be performed). In this section we are concerned with recasting an analogous result, under the
hypothesis that matrix A is singular. Observe that at step k of algorithm FLR, dx = 0 implies
[Fas05]
¢ = jkApkk®:

Hence if d, = 0 and matrix A is singular, then ¢ is nonzero as long as
pk 8 N(A); k <n: (27)
The following theorem yields some results in order to satisfy condition (27).

Theorem 4.1 Consider the linear system (1) and let matrix A be inde nite and possibly singular.
Let in algorithm FLR r; =y +z, withy = Prga)(r1) and z = Prya)(r1). Suppose y has nonzero

are distinct. Then algorithm FLR generates the sequences:

ri = Pij1(Ay +z; i - ]'\,
Pi = Qiir(Ay+minz;  i- 1 (28)
i = Ri(A)y+niz; i-f

where Pj(2), Qj(®) and R;j(®) are real polynomials of degree j; mj, nj 2 IR. Moreover, directions
pi and ¢; satisfy relations:
pi & N(A); i - M

gi 8 N(A); i -1 (29)

Proof.
By complete induction, when i = 1 then r; = p1 =y + z, and if step 1g is performed g1 = Ay,
according with (28). Moreover, let

Piir = Qii2(Ay +mi;2z;
Jij1 = Riji(Ay +ni;z

then the following cases must be considered, depending on whether algorithm FLR performs step
ia Or step ig.



2 Step ia is performed, then

ri = Pij2(A)y +z iai;1AQi;2(A)y = Pij1(A)y +2;
Pi = Pij1(A)y +Z +D0i;1[Qij2(A)y + mi;2z] = Qij1(A)y +mj;1Z:

2 Step ig is performed, then

o= Pi;s(Ay+2i 6;2AQi;3(A) i dij2ARi;2(A)Y = Pi;1(A)y +z;
i = Piju(A)y+z+ E;ii_zz [dij2 (Rij2(A)y + Nnij2z) i ij2 (Qiia(A)y + mijaz)]

= Qiit(A)y +mi;jiz;

and depending on whether the previous step was (i § 1)a or (i i 2)g, We obtain for vector g; at
step ig the relations:

gi = Api+ iijPii1 = AQiit(A)Y + i;1[Qii2(A)y +mij2z] = Ri(A)y + niz;
A A

gi = Api"'l.—iz(diiZQiiZ i tij2Pij2) = A[Qij1(A)y +mijiz] + |_52 (dij20ij2 i %ij2Pij2)
¢|i2 ¢|52

= Ri(A)y + niz;

according with (28). As regards (29), the hypotheses ensure that p; 2 N(A) if and only if
Qi;j1(A)y = 0. By Lemma 2.1 the latter equality cannot hold as long as i - . Similarly we
have gi 2 N(A) if and only if Ri(A)y = 0, hence, aslong asi <{ i 1, qi 8 N(A). 2
Now consider algorithm FLR in Table 3 and let vectors tk, k - n, be de ned in the following
way:
if jokj . 2xkpkk®  then set B =ak and tc = pk;
®k =€ and tx =pg; (30)

if joj < 2kpgk?  then set
1] kKPk @+t =dk and trr = g

Proposition 4.1 Let matrix A in (1) be inde nite and possibly singular, let r; satisfy (7) and
the hypothesis of Lemma 2.1. Then algorithm FLR generates directions ty;:::;t;, with tj @ N(A),

i=1;::: f\ and these vectors are linearly independent.
Proof.
The result straightforwardly holds from [Fas05], Theorem 4.1 and Lemma 2.1. 2

4.1 Algorithm FLR and the Moore-Penrose pseudoinverse
In this section we complete the analogy between algorithms CG and FLR, when they are applied for
solving (1) and matrix A is singular. In particular we aim at obtaining for algorithm FLR relations

before stopping. Then, if z =0 we prove that algorithm FLR can provide an approximation of the
Moore-Penrose pseudoinverse A* (where A is inde nite and possibly singular).
More speci cally, we introduce the following linear subspace, dependent on matrix A and vector ry

RP (ry; A) = spanfwy;::: ; Weg; (31)

where wy;:::;wp are eigenvectors of matrix A, associated to distinct nonzero eigenvalues, on which
the initial residual r; has nonzero projection. Now, since r1 =y +z, from relation (28) algorithm

10



FLR can give the solution x of (1) provided that z = 0. Moreover, if b 2 R(A) (i.e. z =0) exactly
f* directions will be generated by algorithm FLR before converging to x. Indeed, Lemma 2.1 and
Theorem 4.1 ensure that algorithm FLR generates exactly the independent directions t;:::; tp
since the last step performed by FLR is either step (I’ § 1)a or step (I' i 2)s. As a consequence, if
% is a solution of linear system (1) detected by algorithm FLR, by the de nition of Moore-Penrose
pseudoinverse [CM79]

P rR(A)(x) =A'bh= A+(r1 + AXl) = A+r1 +P rR(A)(Xl); (32)

where matrix A is inde nite and possibly singular. Moreover, from (30)

Sk
x=X1+ @it (33)
i=1
and assuming z = 0, from (28) of Theorem 4.1:
Prray(®) =Prrpy(x) +  Giti (34)

i=1

Finally, combining (32) and (34), and considering again relation z = 0, along with the expression
of coe=xcients ®;, i = 1;::: ;f\in (30), we haves:

>k > > h i
Aty = ®iti = aipi + &ipi + dio;
i=1 i2S; i2S
_ Xl L XX (eipi i %iG)Tri o, (digi i HP)T 35
i2s, Pi AP 125, ! !

Now, it can be readily proved that p{ri = p] r1, gf ri = ¢’ r; [Fas05]. Thus, recalling that ¢; & 0
in (35), Table 3 and (31) yield for any y 2 RP(r1;A)

0 = A'yi >< pip{ r > piCepi i +i0)" L Gi(digi i fipi)"

r
e PLAD; - ¢; ¢;
2s 25
I2 1 1 2 I"l o . ﬂlJ. pT T[3
o i 150 i
= A%y j §X LI O an o of Zy
i2S; Pl Api i2S, i >
2 3
> T > K d o+ 'IT;1H T ﬂ
= 4A*j %i G o) L o PL 5y (36)
i2s, Pi AP o, - G
h i o, T
= A" j (t1¢¢¢t1\)81\i 1(t1¢¢¢t1\)T y; Bf\: diagiZSl;jZSz di ; +; ;JJ (37)

Observe that in (36), whenever the pairs (pi; gi), 1 2 Sp, are conjugate (i.e. £ =0, forany i 2 Sy),
then relation (37) reduces exactly to (23).

3In the following relations we have introduced the pair of disjoint sets S1 and Sz such that: S; is the set of indices
h - ffor which algorithm FLR performs step ha, while S, is the set of indices h - f for which algorithm FLR
performs step he. Thus, for the cardinality of the sets S; and S2 relation jS1j+2jS2j= fholds.
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In addition, let (_i;vi), i = 1;:::;n, be the eigenpairs of the symmetric nonsingular matrix C 2
IR"EN. Then the spectral form of C i is simply [GV89]

B, 1 .
Cil=" =viv] = Vatttva)aitvtttvy)T; o =diagi-i-nf.ig;
i=1 >

which is clearly generalized by (37) in the singular case. Finally, likewise CG we prove the following

Thearem 4.2 Let b 2 R(A) and let the hypothesis of Theorem 4.1 hold. Then the solution x =
X1 + ';:1 ®;tj, calculated by algorithm FLR when solving (1) is not a least square solution of (1).

Proof.

Consider relation (28) and let b  R(A) (i.e. z & 0). From Lemma 2.1 algorithm FLR provides

in exact arithmetic rp, , = z, after the generation of directions ty;:::;tn Now, by means of the

substitutions Bi = Qi;1(A)y and & = Ri(A)y in relations (28), we obtain from Table 3
2

x RN (PUTRE o
x x L T
x = xi+ @t = x +4 KL (pi ) ff - PL 5
i=1 i2S, p{ Api i2S, i 6 %
_ X1+X[m+miilzT][m+miilz]T
i2s; ﬂi Aﬁl 1-|- 1.|.
X Moo . it BT +m;. .27
. i i i ijl .
+i252 @FH+mi;nz & +n;2) - 'qur +niIZT ry
and since fz =&/ z =0, z"r; = kzk?, we obtain
> il ;
x = Xi+ Lpy + kzk2 il + 17 +
' i2s, ..ﬁiTAF} 5TA5Iﬂ -t
< My i1k 5T
+ @ &) ;. Pon+ (38)
i2S, - %
, oy +_ﬂi1um_lﬂ#
1 = i .
+ kzk* (@i &) £ e ni' + 27,

where _1;.2 2 IR summarize the dependency of the solution point x from vector z. Now, observe
that x can be a least squares solution of (1) if and only if x = A*b + 2, with 2 2 N(A). Thus,
projecting x in (38) onto the subspace R(A), we simply have

=< ﬂlp'-lr ksz Mij1 B_ +

Prreay(®) = Prrey(q) + &TAﬂ-y & A,
i2s,,, D1 !
> H & Tk a7
+ (B &) i: 6. q% y + (39)
i2S2
wy o, Taw T
+ ki &) o ! (40)

Finally, recalling (32) and (36), and considering in (39) the terms which contain kzk?, we conclude
that if b  R(A), x is not a least square solution of the linear system (1). 2
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5 The Lanczos process and algorithm FLR

In this section we describe a twofold result: rst we report some theoretical properties of the
Lanczos process (Table 2) in case matrix A in (1) is singular. This aims at investigating possible
similarities with the results of Section 4, where algorithm FLR is studied in the singular case. Then,
a relevant relationship between the Lanczos vectors fuig and the residuals frig calculated by the
algorithm FLR is accomplished. We prove that the proper choice of parameter "y, at step k of
algorithm FLR, plays a key role for the latter purpose.

Theorem 5.1 Consider the linear system (1) where A is inde nite and possibly singular. Consider
the Lanczos process and let u; = y+z, withy = P rg(ay(us) and z = Prya)(up). Lety have nonzero

are distinct. Then, the Lanczos process generates the sequence of orthonormal vectors
u = Ui;1(A)Y +7i;12; 1-i-1 (41)
where Uj(?) is a real polynomial of degree j and “j 2 IR, with (j _ 3)

Uo(A) = -L; 0=

N )

U1(A) = 2(A i °11)Uo(A); Bl (42)
. it izt a2 i

Uiit(A) = 57 [A 551DV i2(A) i £:2U553(A)]; =i 1 Jlij-1Jl2 e

=J1

Moreover u; 8 N(A), for any i - f:

Proof.

From the hypothesis and Lemma 2.1, the Lanczos process performs exactly ' iterations before
stopping. Finally, considering the guidelines of Theorem 4.1, complete induction yields (41) and
(42). 2

Theorem 5.2 Let matrix A in (1) be inde nite and possibly singular. Suppose the Lanczos process
and algorithm FLR are applied to solve (1), with x; = 0 in algorithm FLR. Then in exact arithmetic
algorithms Lanczos and FLR perform the same number of iterations.

Proof.
Evidently, if at the step k both the Lanczos process and algorithm FLR have not yet stopped,

subspaces Ky (uz; A) and K, (r1;A). Since X1 =0
Ki(uy; A) 7 Ki(ra; A); (43)
so that the statement holds from (28), (41) and Lemma 2.1. 2

Theorem 5.3 The vectors uj, i _ 1, and rj=krik, i _ 1, generated respectively by the Lanczos
process and algorithm FLR with x; =0, in exact arithmetic satisfy relation:

si 2°T+1; jlg: (44)

13



Proof.
By complete induction, x; =0 yields

r b

“krk Kk ()

uz

Now suppose Uij1 = Sij1Fij1=Krijik, we prove that uj = sijri=krik. On this purpose, let f be
the number of iterations performed by Lanczos process and algorithm FLR, according with The-
orem 5.2. Recall that the Lanczos vectors uy;:::;ug satisfy ufuj =0, f_iej_ 1[Gw9.
Furthermore, considering at step kg of algorithm FLR the dummy residual [Fas01, BC94]

)

jdi] 1 d¢ . O
et = 180 A+ SIN@IARG &= i oo SNO= ) ‘2o (9)

the sequence ry;:::;ry satis es ri rj = 0, where f_i6&j . 1[Fas05]. Now observe that
1
& uj 2 Kj(ug; A)
Ui ? Kiz1(up; A) = spanfKj;2(ug; A); U109
1, (47)
ri 2 Ki(r1; A)
ri ? Ki;1(ri; A) = spanfKi;2(ri; A); ri;10;

and from (45) and the inductive hypothesis Kj;1(u1; A) = Kj;1(r1; A). Thus, from (45) and (47)
uj and r; are parallel. Finally, since kujk = 1 relation (44) holds. 2

Theorem 5.4 Consider algorithm FLR in Table 3. Let x; = 0 and let at step ig the dummy
residual (46) be calculated. If at step i the parameter "; is chosen according with

0<r_'__ Ili.

; 1 3, step ia;
‘kApik2krik2  kApik¢é

. (48)
kpik* 7, mkpik?kgik?

0<Z-";j <min

step ig;

then in exact arithmetic the sequences fuijg and fri=krjkg generated by algorithms Lanczos and
FLR satisfy

L | -
Ui = Sij i i L (49)
where
s1 =1,
Si = iSij1 s9n(pf; 1APi;1) if step (i § 1)a is performed;
o (50)
Sij1 = iSij2 SYN(P{;2APi;2) =
if step (i § 2)g is performed:
Si = iSij2 7
Proof.

The hypothesis x; = 0 trivially yields u; = ri=krik, i.e. s1 = 1. Now, by complete induction we
prove (49) and (50) with i =2 (step (i  Da) and i = 3 (step (i § 2)s). Then, we assume they

14



hold for i j 1 and we prove them for i.
On one hand, in case i =2 and step 1a was performed, then it is:

pooT no Ty

ek T ek Rk T kvlklkrzk[(Ai "l vz
W(A“Nr? = W(AH)T(M i a1Ar)
= isisgn(p] Apz) kr;\l:fmifrlik j(r? /:;'Tj)z .

which implies from Theorem 5.3
S2 = i515gn(p] Aps):
On the other hand, in case i =3 and step 1g was performed, then we have:
VU || po Ty

T r_2 — \41 ry — Sq e T
" krak ik ek kvgkkek (A1 71Dl
= (Au)Tr, = —— L (Ar )T£'®r i (1+®)sgn(pl A )Arn
T kvakkrok Y Y 2T kvgkkrokkrgk' Y PR 1)5gN(p1 Ap1)ArL
is1

£ o]
= ikkrkkrk ALt (L @1)sgn(p; ApykArik

iSisgn(PIAPL) . (PJAPY? |, krik?KArK?*
kvikkrokkrik — Vkrik2 +jdhj - krik? + jdij

which again implies from Theorem 5.3

s2 = is159n(p] Ap1);

and
il
ul H rs _ [(Ai %2Du i +1u1]" 13 _ (Au)Trs
3 krak kvakkrsk kvokkrzk 3
. T

SZ(AI’Z)T _— S5 (1+®1)59n(P1TAz\i)[l’3|l'1+01Ap1] i ®Ar 3
kV2kkr3kkr2k B szkkl’gkkrzk
s2(1 + ®;)sgn(p] App)krsk? .

81 kvokkrskkrok ’

which implies from Theorem 5.3 (the choice of "; yields ¢} > 0)

S3 = S5gn(p] Apy) = i Salsgn(p{ Apy)* = isy:
Let us now prove (49) and (50) for index i. On this purpose, from the inductive hypothesis:
T V1 Mt

L _ Vi1 N _ 1 - o N 1
Uj Krik vk krik kviilkkrik[(A' iitDUij1 1 xig2Uij2] ri
1 T Sij1 H Fij1 Tr
. = i i R
v pkkrk AU = Gk MRk (51)
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Now we analize two subcases. If step (i j 1)a was performed, then (51) becomes

A B
! kl’i k kVi i 1kk|"i k kl’i i 1k ! kVi i 1kkri k kl"i i 1k !

Krikip{; 1APi ;1 .

i Si j 1krik? _
kvi ; 1kkrikkri; 1kai; 1

which implies from Theorem 5.3

iSi;150N(P]; 1APi ;1)

Si = i Si;159N(P]; 1Api j 1):

If step (i j2)s was performed we have two further cases. On one hand, using (30), (46) and relation
(B1) it is

o) 1

- ®j;i2rijoHrija - ot
r T _ s el g | AL )
WL ok kvi s 2KKkri ;1K kri; 2k hil

kvi ;2KKri j1KKri ; 2K (1 + ®;; z)sgn(piTi LAD;i2)’

where 11(ti;4;ti;3) IS a linear combination of vectors tj;4 and ti;3. The previous relation and
Theorem 5.3 imply

Sij1 = iSi;259N(p{; 2APi;2):
Furthermore, considering that

i=ri;2 i 6j2Aii2 i (/j\ii2AQii2;
Oij2 = Apij2 + 12(ti 4 ti;3);
iir= i®i2riz2 i (1+®;2)sgn(p]; ,Api;2)Api;2;
where again !2(t;;4;ti;3) is a linear combination of vectors t;; 4 and t;;3, itis
" #

Ni:1+ ®.ori;:
l’i=riiziﬁi2Apiizid\iizA i il 1327152 + 12(tij4 ti3)

' 1+ ®;2)sgn (], ,Api;2)

hence )
i
M i Fig2 + Gij2Atizo + G 2AT2(ti 145t 53) -
Arij1 = & (1 +®;i;2)sgn(pi; 2APi j 2) + ®j;2ATr ;2
ij2

Therefore relation (51) becomes

JT uiﬂ _ Sij1 H lij1 T S Sij1 (1+ ®;2)sgn(p{; . Ap; iZ)kr-kZ

! krik kViilkkl’ik kl’iilk : kViilkkl’ikkl’iilk é\iiz :

kri: o k2 T
ij2 L -
kriksi;1  kn 2k +idi; 2] sgn(t; iZAtl i 2)_

; 52

and according with the choice of "j; 2, the coezcient d\iiz is positive, so that (52) and Theorem 5.3
yield
Si = Siilsgn(piTi 2APij2) = iSi iZ[SQn(piTi AR i2)? = iSij2. 2
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Remark 5.1 Observe that condition (48) on " is slightly less restrictive in respect to condition
(12) proposed in [Fas05], since it does not require the knowledge of . m. As regards the apparently
cumbersome computation of g; in (48), refer to the considerations in [Fas05].

We also highlight that the approximation of the Moore-Penrose pseudoinverse A™, provided in (37)
by algorithm FLR, is not inexpensively available from the Lanczos process. In particular, the set of
directions ty;:::;t; should be ad hoc generated by the Lanczos process.

Note that relations (49) and (50) are also a generalization of the results reported in [CGTO00], by
replacing CG with algorithm FLR. In particular, in matrix terms the Lanczos process gives at step
k [CGTO00]

TP = UT AU, (53)
where 0] 1
o %1
°1 % ¢
Té") = ¢ ¢ ¢ ; U = (ugtetuy);
¢ b1
°k
and relations (49)-(50) can be restated as
Uk = RiSk; (54
where L q
Re= ottt o Sy =diagy-i-kFsig:
k krlk krkk ) k 1-i-kFaiy.

From (53) and (54) we obtain

TP = ST(REAR)SK = ST sy (55)
where the tridiagonal matrix TéF R is available at step k of algorithm FLR. The explicit expression

of TFHR, in terms of the coecients of algorithm FLR, is given in [Fas01].

Proposition 5.1 In the hypothesis of Theorem 5.4 and in exact arithmetic, the tridiagonal matrix
Tlf") by the Lanczos process is a straightforward by-product of algorithm FLR, as indicated in (55).

Furthermore, in the hypothesis of Theorems 5.1 and 5.4, the solution x of (1) provided by the
Lanczos process, may be given in terms of algorithm FLR quantities. Indeed, x = Ui{Tf(")]ilkbkel
[S03] and from (55)

h i, h i, h i,
x=USy TEP " spkoker =Ry TP " spkokes =Ry TEFH0 " kokes;

where the last equality follows from relation e] = (1 0¢¢¢0)T and (50).

6 Conclusions and Perspectives
This paper describes several properties of the planar-CG algorithm FLR proposed in [Fas05], for

solving inde nite linear systems. Wk have proved that the sequence of orthogonal residuals frig by
algorithm FLR, yields the sequence of orthogonal vectors fu;g from the Lanczos process, provided
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that parameter " at step i of FLR is chosen according with Theorem 5.4. Since algorithm FLR is a
cheap CG-type method, this result encourages to consider a numerical comparison of these methods
within nonconvex optimization frameworks, where ezcient tools for the solution of inde nite linear
systems are claimed.

On the other hand we have studied the solution of linear system Ax = b, A 2 R"E" inde nite and
possibly singular, by means of the algorithm FLR: this extended the results provided by the CG
in the positive semide nite case [Hes75].

We conclude that algorithm FLR proved to be a general tool for the solution of symmetric linear
systems, i.e. for the search of stationary points of quadratic forms, in unconstrained optimization
frameworks. In addition, the approximation of the Moore-Penrose pseudoinverse A* provided by
algorithm FLR, may be a fruitful instrument for the construction of preconditioners [K02]. Finally
as Section 1 reported, the Newton method for the computation of real eigenvectors, could gain
advantage from considering algorithm FLR.
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