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Abstract. This paper extends some theoretical properties of the conjugate
gradient-type method FLR (Ref. 1) for iteratively solving indefinite linear
systems of equations. The latter algorithm is a generalization of the conjugate
gradient method by Hestenes and Stiefel (CG, Ref. 2). We develop a complete
relationship between the FLR algorithm and the Lanczos process, in the case
of indefinite and possibly singular matrices. Then, we develop simple theo-
retical results for the FLR algorithm in order to construct an approximation
of the Moore-Penrose pseudoinverse of an indefinite matrix. Our approach
supplies the theoretical framework for applications within unconstrained
optimization.
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1. Introduction

In this paper, we study iterative methods to provide a solution of a dense
linear system

Ax = b, (1)

where the symmetric matrix A € R"*” is indefinite and possibly singular, b € R",
and n is large. Many real large-scale problems require the solution of linear
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system (1) and they often need the use of efficient solvers, along with easy software
packages. Many iterative algorithms for solving the linear system (1) provide us
with useful and efficient tools (Ref. 3); nevertheless, the selection of the appropriate
method is often a difficult problem for nonspecialists.

When Krylov subspace methods are considered (Refs. 4, 5) and good pre-
conditioners are adopted, the differences among methods become less relevant
(Ref. 6). However, this trivially shifts the problem to the identification of a suit-
able general purpose preconditioner.

When problem (1) becomes ill-conditioned, the numerical treatment is more
complicated and some regularization techniques, which use additional information
for stabilizing the solution, are often advisable (Ref. 6). Moreover, optimization
frameworks provide strong motivations for investigating the solution of the possi-
bly singular system (1).

In particular, consider the solution of the nonlinear least-squares problem

mkn(l/z) lreol?, r:R*— R™, )
XE n

by means of the damped Gauss-Newton method (Ref. 7). Let J(x) € R™*" be
the Jacobian of the vector function r(x) at the current point x. Then, at step &, the
latter method considers the linear approximation r(x;) 4+ J(x)dy of r(x) at x; and
computes dy as a solution of the unconstrained subproblem

min [|r(xg) + J(xp)d|l - 3
deR"

Then, the next iterate is
X1 = X + ody,

where the steplength o € R is selected by a line search procedure (Ref. 8). Let
JT(x;) be the Moore-Penrose pseudoinverse of the matrix J(x;) (Ref. 9): the
choice

di = —J " (x)r(xi)

among the solutions of (3) has two remarkable advantages. It is invariant under a
linear transformation on x and it is a descent direction for the objective function
in (2) (Ref. 7). In particular, the latter property is used in Refs. 10, 11, where the
CG method is adopted to compute dy, i.e. for equivalently giving a solution of the
linear system

I ()d = =TT (ar ()

see also (Ref. 12). Observe that, in general, the matrix J7 (x;)J(x;) is rank defi-
cient.

The Newton method for eigenvector computation is another application
within nonconvex optimization, where a solution of the possibly singular
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system (1) is needed. Suppose that A € R is an approximate eigenvalue of the
symmetric indefinite matrix H € R"*" associated to the eigenvector v € R”. Then,
a nontrivial solution x~ of the linear system (H — AI)x = 0 yields an approxima-
tion to the vector v. The Newton method is often the method of choice for this
purpose and gives the iterate (Ref. 13)

Xep1 = Xk — (H — A1) 'ry, 4

where r, = (H — MI)xi, xo € R". Since (4) is not well defined, it is turned into
an iteration (Ref. 3)

Xir1 = X — (H = AD)rg, )

by introducing the Moore-Penrose pseudoinverse of H — AI. Under suitable as-
sumptions, (5) is convergent to an approximation x~ of the eigenvector v. Observe
that the pseudoinverse (H — AI)" is also an inner inverse, i.e.,

(H—ADH - DY(H — A1) =(H — Al
and that
Ve = (H — Al)xk.

Therefore, on large-scale problems, the iteration (5) may be solved as the equation

and a(gry10){/I-E)(21xsketl1 meﬁ]f())d_ ma?%e adopted. Unfortunately, since the matrix [-zs 61%
indefinite, the CG method may fail. We consider in this paper a generalized CG
method, and we prove that, under suitable assumptions, it provides the pseudoin-
verse solution of equation (6). An iteration similar to (5) is introduced when the
Jacobi-Davidson method (Ref. 14) is used, in place of the Newton method, for
computing the eigenvector v.

The above examples, along with the low computational cost and the low
memory requirements of CG-like methods, induced us to study and consider the
FLR algorithm in Ref. 1 as a possible candidate for solving (1).

We prove also the complete theoretical relationship between the FLR
algorithm and the Lanczos process. Equivalently, under few assumptions, the
FLR algorithm is proved to generate in exact arithmetic the sequence of Lanczos
vectors.

In the following sections, we use the symbol |- || to denote the Euclidean norm
for both a real n-dimensional vector and a real n x n matrix. We use the notation
xT'y for the inner product between the vectors x, y € R, so that x Ly is equivalent
to x7y=0. Opy.,) is the m x n matrix with all entries equal to zero. With R(A)
and N(A), we denote the range and the null space of the symmetric matrix A €
R™*" With K;(v, A), we indicate the Krylov subspace span{v, Av, ..., A"y}
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associated with the vector v € R” and the matrix A € R™*". Pry (v)indicates the
projection of vector v onto the linear vector space W. Finally,

Am =min; |A;(A)|, Ay = max; |A;(A)

s

where A;(A), j > 1, are the smallest and largest eigenvalues of the symmetric
matrix A.

The paper is organized as follows. Section 2 deals with the description of a
few general preliminaries. Sections 3 and 3.1 provide some relevant features of the
FLR algorithm (Ref. 1), when used for solving (1) and the coefficient matrix A is
indefinite and possibly singular. Here, under mild assumptions, the latter algorithm
is used to construct an approximation of the Moore-Penrose pseudoinverse A™.
Sections 4 and 5 provide a noteworthy relation between the FLR algorithm and the
Lanczos process. Finally, Section 6 contains conclusions and perspectives related
to the treated subject.

2. Some General Results

In this section, we introduce a few general results for the solution of (1) which
will be used in the sequel. Consider the CG-based algorithm FLR described in
Ref. 1 (see Table 1). The latter algorithm is a general planar method (Refs. 15-19)
for solving (1), when the matrix A is indefinite; i.e., it avoids the possible pivot
breakdown of the CG in the indefnite case, by introducing 2 x 2 pivot elements.

Table 1. FLR Algorithm for solving the linear system (1).

Step 1. Setk=1,x; e R",r; =b — Axj.
If r1 = 0, then stop. Else, set p; =ry.
Step k. Compute dy = kaApk; set €, > 0.
If [dy| = el pell, gotoStepky.
If |dy| < exl|pxl|®, gotoStepkp.
Step ka. Setay = r] pi/di, Xk41 = Xk + Ak Pk, Tir1 = rx — axApk.
If r¢+1 = 0O, then stop. Else,
set by = —pl Args1/di and pryy = reqr + by py.
Set k =k + 1 go to Step k.
Step kp. If k = 1, then set g = Apx.
If k£ > 1 and the previous Step is (k — 1) 4, then
set Br—1 = —(Apk—1)" Apx/di—1 and qx = Apy + Br—1 Pr—1-
If k > 1 and the previous Step is (k — 2)p, then
set Br—z = —(Aqr—2)T Aprand g = Api + Br—2(dk—2qk—2 — Sk—2Pk—2)/ Ak
Compute ¢ = rkTpk, Sk = kaAqk, ex = qkTAqk, Ay = drex — 8,% and
Ck = (crex — ‘SquTrk)/Ak: di = (drgf ri — Sker)/ Dk
Set xk+2 = Xk + Ck pr + drqrs Tk+2 = 1 — CkApk — di Agi.
If rg4+2 = 0, then stop. Else,
compute by = —qI Argi and set prio = reto + bi(drqr — 8k pi)/ Ax.
Set k = k + 2 go to Step k.
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Table 2.  The Lanczos process applied to the
system (1).

Step 0. k =0, v = b € R",
up =0, 8o = ||b||.
Step k. If 8; = 0, then stop. Else, set ux41 = vk /-
Setk=k+1, yp = ukTAuk,
vg = (A — e Duyg — Sg—1ug—1
8k = ||vk||, go to Step k.

We are concerned with proposing some new properties of the FLR algorithm in
the case where the matrix A in (1) is singular.

We remark that the Krylov based algorithm FLR is a generalization of the
CG in the case where the matrix A is indefinite. Indeed from Table 1, as long as
the quantity dj at step k is relatively large, a CG step is performed at step k4. On
the contrary, whenever d; is relatively small, the vector g, is generated at step
kg, so that the solution of (1) is detected over the 2-dimensional manifold span
{pk, qr}; see also Ref. 20. Furthermore, from Lemma 2.2 of Ref. 1, if r; 7 0 and
at Step k4 we have d; = 0 (i.e., a pivot breakdown occurs), the step kp cannot fail
by a possible division by zero (i.e., Ay # 0) and the FLR algorithm does not stop.

First, we intend to determine the properties of the FLR algorithm when
the matrix A is singular. Then, we study the relationship between the sets of
orthogonal directions generated by the Lanczos process and the FLR algorithm,
when solving (1).

Consider algorithm FLR and the Lanczos process (Table 2), where without
loss of generality we assumed vy = b at Step 0 (see Ref. 21 for a more general
choice). Recalling the symmetry of the matrix A, let either the first nonzero Lanczos
vector u; or the first residual r; in the FLR algorithm be given by

ur=y-+2z, y=Prpami), z=Pryuu), (7a)
r=y+z, y=Prga(r), z=Pryu(). (7b)
Then, the following general result holds (see also Refs. 22, 23).

Lemma 2.1. Given the symmetric matrix A € R"*", let P;(e) be a nonzero
real polynomial of finite degree i > 1. Let Ay, ... A, k < n, be all the nonzero
eigenvalues of the matrix A. Assume that only the nonzero eigenvalues 4, ... A,
are distinct, with j, € {1,...,k}, h=1,..., k. For the hth distinct eigenvalue
A, » consider the corresponding eigenspace E, , i.e., the subspace £, which spans
the eigenvectors associated with A j, .

(i) If the vector y € R(A) has a nonzero orthogonal projection on only [ < k
eigenspaces among Ej , ..., Ej, then we have P;(A)y = Oonly if i > I.
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(i1) The sequence {P;(A)y}, which is dependent on the index i, contains at
most [ linearly independent vectors.

Proof.

(i) Assume without loss of generality that

~

Prg, () #0, h=1,...1.

Then, [ orthonormal eigenvectors y; € Ej ,...,y; € Ej and the vector ¢ € R/
exist such that

I
Y=Y ¢iVi. ¢j #0. ®)
h=1

From the symmetry of the matrix A, an orthogonal matrix V € R"*" exists such
that

AZVDVTa Dzdiag{)"la"')"lm O[I‘l—k]}a V = [yl.'.ykzl"'zn—k]a (9)

where yi, ..., yr are orthonormal eigenvectors associated with the eigenvalues
A, ..., A and

Vi, €yt ...y}, forany j, € {ji, ... ji}. (10)
Moreover, zi, ..., z,— are orthonormal eigenvectors associated with the zero
eigenvalue. Thus, for any i,

Pi(A) = VP(D)VT; (11)
consequently P;(A)y is given by

Pi(A1)
7
PA(A)yZV . ZchvaA,
l Pi(h) =
Pi (Opu—k.n—x1)
=Vu,
where u € R” and from (10),for P =1, ...n,
cp,Pi(}p), ifpelj,...ji}
u =
r 0, otherwise.

Since ¢, # 0, forany j;, € {ji, ..., ji}, and since Vis nonsingular, P;(A)y =
Oif and only if P;(A;,) =0, ji € {j1, ..., j;}. In particular, this implies that the /
distinct eigenvalues A, ..., A, are roots of the polynomial P;(A). Consequently,

if P((A)y =0, theni > [.
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(ii) Consider the relation (8). Observe that (1 ,, y;,) is an eigenpair of the
matrix A and the eigenvectors y;, ...,y j; are orthogonal. Therefore,

P;i(A)y € span{y;,, ..., y;}, foranyi> 1.

This implies that the sequence {P;(A)y} contains at most [ linearly independent
vectors, regardless of the choice of index i > 1. O

Remark 2.1. Observe that, according with the definitions used in Ref. 21,
the integer [ of Lemma 2.1 is the grade of y with respect to matrix A, i.e., the
lowest degree of the polynomial P(A) such that P(A)y = 0. Therefore Lemma 2.1
states a relationship between the grade of y and the eigenpairs of matrix A. Fur-
thermore, connections between the polynomial P;(A) and the minimal polynomial
of matrix A were highlighted in Ref. 12.

3. FLR algorithm for Singular Linear Systems

Here, we aim at extending the results in Refs. 12, 16 and in the previous
section, when considering the FLR algorithm in Table 1 for solving (1), in the
case of indefinite and possibly singular matrix A. When the indefinite matrix
A is nonsingular and r; % 0 in the FLR algorithm, at step k& we have either
dr # 0 or Ap # 0 (Ref. 1); i.e., we are ensured that either step k4 or step kg, can
be performed. In this section, we are concerned with recasting an analogous result
under the hypothesis that the matrix A is singular. Observe that, at step k of the
FLR algorithm, d; = 0 implies

A =8¢ = —||Apill,
since
8 = pi Aq = || Api)?

from Theorem 2.1 of Ref. 1. Hence, if d; = 0 and the matrix A is singular, then
A}, is nonzero as long as

pi ¢ N(A), k<n. (12)
The following theorem yields some results in order to satisfy condition (12).

Theorem 3.1. Consider the linear system (1) and let the matrix A be indefinite
and possibly singular. In the FLR algorithm Letr; =y + z, with y = Prg4)(r1) and
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Z = Pryca)(r1). Suppose that the integer [ and the vector y satisfy the hypothesis
of Lemma 2.1. Then, the FLR algorithm generates the sequences

ri =P_1(A)y +z, i<l
pi =Qi1(A)y +miyz, i <1, (13)
qi =Ri(A)y +n;z, i<l—1,

where Pj(e), Q;(e), R;(e), are real polynomials of degree j and m;, n;, € R.
Moreover, the directions p; and g; satisfy the relations:

pi ¢ N(A),

i<, (14)
g ¢ N(A), i<i-1

Proof. By complete induction, wheni = 1, thenr; = p; =y + z; if step 1
is performed, g; = Ay, according with (13). Moreover, let us distinguish between
two cases. On the one hand, assume

ric1= Pi(A)y +z,

pi-1= Qi 2(A)y +m;_»z,

and let the FLR algorithm perform step (i — 1)4. Then,

ri=P,_2(A)y+z—ai—1AQ;—2(A)y
=P1(A)y +z,

pi=Pi1(A)y + 72+ bi1[Qi2(A)y +m; 7]
=0i-1(A)y + m;_1z.

Furthermore, if the subsequent step is step iz, then we obtain

qi=Api + Bi—1pi-1 = AQi_1(A)y + Bi—1[Qi—2(A)y + m;_»7]
=R;(A)y +n;z,
according to (13)

On the other hand, assuming

rioo= P, _3(A)y +z,
pi—2= Q; 3(A)y + m;_3z,

let the FLR algorithm perform step (i — 2)g. Then,
ri=P,_3(A)y + 2+ &-2A0; 3(A)y — di AR »(A)y
=Pi_1(A)y +z,
pi=Pi1(A)y + 2+ (bi—a/ Ai2)di2(Ri—2(A)y + ni_»2)
—8;2(Qi-3(A)y +m;_32)] = Q;i_1(A)y +m;_;z.
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Furthermore, if the subsequent step is step i, then we obtain
qi = ALQi-1(A)y + mi_iz] + (Bi-2/ Ai2)(di2gi—2 — 8i-2pi-2)
=Ri(A)y +n;z,

according to (13). As regards (14), the hypotheses ensure that p; € N(A) if and
only if Q;_1(A)y = 0. By Lemma 2.1, the latter equality cannot hold as long as
i < I. Similarly, we have

gi € N(A), ifand only if R;(A)y = 0;
hence, as longasi <[ — 1, ¢; ¢ N(A). .

Now consider the FLR algorithm in Table 1 and let the vectors #1,. . ..tx, k < n
be defined in the following way:

ifldi] > ellpill”, thenset ox=ar and 1 = py, (15a)
oy = Cx, t = P,

ifldi| < ellpell?,  then set{ A S (15b)
Q1 =di,  tey1 = Gk

Proposition 3.1. Let the matrix A in (1) be indefinite and possibly singular;
let [ and r, satisfy (7) and the hypothesis of Lemma 2.1. Then, the FLR algorithm
generates directions ¢y, ..., t;, witht; ¢ N(A), i =1, ..., [, and these vectors are
linearly independent.

Proof. The result is straightforward from Ref. 1, Theorem 3.1 and
Lemma 2.1. O

3.1. Algorithm FLR and Moore-Penrose Pseudoinverse. Consider
Theorem 3.1 and suppose that the FLR algorithm has generated directions ¢4, . . ., t;
before stopping. We prove that, if b € R(A), i.e., z = Prya)(r1) = 0, the FLR al-
gorithm can provide an approximation of the Moore-Penrose pseudoinverse A™,
where A is indefinite and possibly singular.

More specifically, from Lemma 2.1, we introduce the following linear sub-
space, dependent on both the matrix A and the vector r;:

RP(r1, A) = span{y,. ... y;} € R(A), (16)

where y;, € E;, h=1,..., [ are orthogonal eigenvectors and Ej,...,Ej are
the eigenspaces of the matrix A, respectively associated to the distinct nonzero
eigenvalues A, .. ., with PrE (rl) #0,h=1, l Now, since r; =y +
z, from the relatlon (13) the FLR algorlthm can give the solution X of (1) pro-
vided that z = 0. Moreover, if b € R(A), i.e., z =0, exactly [ directions are
generated by the FLR algorithm before converging to ¥. Indeed, Lemma 2.1 and
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Theorem 3.1 ensure that the FLR algorithm generates exactly the independent
directions ti, ..., #;, since the last step performed is either step (I =14 or
step (I —2)5. As a consequence, if ¥ is a solution of the linear system (1) de-
tected by the FLR algorithm, by the definition of Moore-Penrose pseudoinverse
(Ref. 9)

PrR(A)(f)=A+b
=A"(r| + Ax))
= ATy + Preeay(x1), 17)

where the matrix A is indefinite and possibly singular. Moreover, from (15),

]
X =X1+Zotil,’, (18)
i=1

and assuming z = 0, from (13) of Theorem 3.1,

i
Proa(E) = Preon(en) + Y et 19)

i=1

Finally, combining (17) and (19), and considering again the relation z = 0,
along with the expression of the coefficients o;, i =1, ..., [, in (15), we have*

7
A+y=2ait,-
i=1
=> aipi+ Y (éipi + diqi)

ieS; i€S)
= Z (pl'ri/p! Ap;) pi
iGS]
+> (/A — 8ig) " ripi + (digi — 8:p) rigi]. (20)
€S,

Now, it can be readily proved that

T T T T.. .
piri=p;ir, (4;r =4g;ri,

“4In the following relations, we have introduced the pair of disjoint sets S; and S»: S is the set of
indices h < [ for which the FLR algorithm performs step £ 4, while S5 is the set of indices & < [ for
which the FLR algorithm performs step /5. Thus, for the cardinality of the sets S; and S the relation
811+ 212 = I holds.
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see also Ref. 1. Thus, recalling that z = 0 and A; # 0 in (20), Table 1 and (16)
yield, for any y € R”(r;, A),

0=A%y = > (pip] /p! Api)r:

iESl
= > (/M) piteipi — 80" + qidigi — 8 p))" Iy
iESz
e; —(3,' r
Aty [Z (il /Pl Api) + ) (1/A8)(piai) (_5, B ) (5&)} y
ieS ie$, t !
-1
d; & r
= [fﬁ = (pin! /ol Api) =Y (piao) (5‘ e_) (;ﬁ)} y
ieS) ie$: t !
=[A" — (- p)B -1 Dy, 1)
. d;jd;
Bjx = diag;cg, jcs, {di, <8; ej-)} . (22)

Observe that, in (21), whenever the pairs (p;, ¢;),i € S, are conjugate (i.e.,8; = 0,
forany i € S, so that the FLR algorithm reduces to CG), the matrix Bj; in relation
(22) is diagonal; see also Ref. 12.

In addition, let (A;, v;), i = 1,...,n, be the eigenpairs of the symmetric
nonsingular matrix C € R"*" Then, the spectral form of C~! is simply (Ref. 3)

c'=> /x|
i=1
=i v)A v (23a)
A =diag,; ., {Ai}, (23b)
which can be generalized by (22) in the singular case. Indeed, from (22), we have
Aty =(tr---p)B; 't )"y, VyeRP(r, A), (24)
so that, if = n, then
R(r, A)=R", At =A"",
and (24) yields
Ay =@ t)B 1)y (25)

Finally, recalling that, in (23), the orthogonal eigenvectors v;, v; also satisfy
v C~'v; =0, for any i # j < n, we recognize that (25) is a generalization of
the spectral form (23). Relation (22) gives an approximation of the pseudoinverse
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matrix A" on the linear subspace R”(r{, A). Finally, we prove the following result,
which holds in particular, also for the CG, in the positive semidefinite case.

Theorem 3.2. Let b ¢ R(A) and let the hypothesis of Theorem 3.1 hold.

Then, the solution ¥ = x; + Ef:la,-t,-, calculated by the FLR algorithm when
solving (1) is not a least square solution of (1).

Proof. Consider the relation (13) and let b ¢ R(A), i.e. z 7% 0. From Lemma
2.1 the FLR algorithm provides in exact arithmetic #;,; € N(A), after the genera-
tion of directions 1, . .. ;. Now, by means of the substitutions

pi = Qi 1(A)y and g; = R;(A)y

in relations (13), we obtain from Table 1

7
X=x+ Zail‘i
i=1
di 8\~ (pT
=x + |:Z (pip! /i Api) + Z(Pi qi) <55 6,') <§’T)j|r1
ieS !

iESz
=x1 + Z (1/p7 Api) i + mizllpi + mi—1z)"ry
i€Sl
-1
- _ d; pl+miiz"
+Zs;(pi+miflz 6]i+niZ)<5i €i> <qiT+niZT 1,
1€

and since

T _ T T 2
piz=¢ z=0, zrn=|l,

we obtain
x= xH—Z [(p:p] /p] Api)ri + 1211 (miz1/ B} Ap:) ] + Mz
€S
1,
+y |:(ﬁi i) (g{l iz) (qu’;) r
ieS$, !
-1
IR ) (f; i) ("ﬁ;’j)] iz, 26)

where

ao=mi(plri/plAD) +mi_ (11211?/ B} Ap:) 1
— — d,' (S,‘ B n;_
A = (plr +miyllzl)? 6],~T”1+ni||Z||2)< ) ( ]>~

S e n;
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Now, observe that ¥ can be a least squares solution of (1) if and only if
¥=A%D+2z, with Z € N(A).
Thus, projecting % in (26) onto the subspace R(A), we simply have

Prra)(X) = Prgea)(x1) + Z [(pip] /P Api)y + ||Z||2(mi—1/17iTA13i)[3i]

ieS1

AN
+Z[(p,- q»(g{f ﬁ) (§T>y @n

iGSQ

-1
121 (B qo(g’;’ ‘2) (’”,;‘il)] (28)

Finally, recalling (17), (21), and considering in (27) the terms which contain
[|z||?, we conclude that, if b € R(A) X is not a least-square solution of the linear
system (1). O

4. Lanczos Vectors and FLR Algorithm Residuals

In this section, we describe a twofold result: first, we report some theoretical
properties of the Lanczos process (Table 2) when matrix A in (1) is singular. This
aims at investigating possible similarities with the results of Section 3, where
the FLR algorithm is studied in the singular case. Then, a relevant relationship
between the Lanczos vectors {u; } and the residuals {r;} calculated by the FLR
algorithm is accomplished. We prove that the proper choice of the parameter €,
at step & of the FLR algorithm, plays a key role for the latter purpose.

Theorem 4.1. Consider the linear system (1), where A is indefinite and
possibly singular. Consider the Lanczos process in Table 2 and let uy =y + z,
withy =Prga)(u1) and z = Pry 4y (u1). Let A1, ..., A1, Ak, k < n, be the nonzero
eigenvalues (possibly not all distinct) of the matrix A. Suppose that the vector y
and the integer [ satisfy the hypothesis of Lemma 2.1. Then, the Lanczos process
generates the sequence of orthonormal vectors

i = Ui (Ay + iz, 1<i <, (29)
where U (e) is a real polynomial of degree j and n; € R, with j > 3,

Uo(A) =1, no =1, (30a)
Ui(A) = (1/80(A = yiDHUo(A), 11 = —yino/d1, (30b)
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Uj1(A) = (1/8; DI(A —y; 1 DU; 2(A) = 8; 2U; 3(A)],
_ (jmimj—2+8j-2m-3),
8j-1 '

nj-1= (30c)

Moreover, u; ¢ N(A), for any i < I,

Proof. From the hypothesis and Lemma 2.1, the Lanczos process performs
exactly / iterations before stopping. Then, Table 2 yields

up =y +2z=Uo(A)y +noz

and

uy; = v1/d
= (1/8D[(A — yiD)uy — Souo]
= (1/81)(A — yi DU(A)y — vi(no/81)z,

so that the first two lines in (30) hold. Finally, by Table 2, relation (29), and
complete induction, we obtain, for i > 3,

u =v;,-1/8i1
=1/8i-DIA — vic1 Dui—1 — 8i—2u; 2]
=1/8i—1){(A = vi-1 DIUi—2(A)y + ni—2z] — 8i—2[U;—3(A)y + ni—3zl},
which yields the third line in (30). O

Lemma 4.1. Let matrix A in (1) be indefinite and possibly singular. Suppose
the Lanczos process and the FLR algorithm are applied to solve (1), with x; =0
in the FLR algorithm. Then, in exact arithmetic the Lanczos and FLR algorithms
perform the same number of iterations.

Proof. Evidently, if at the step k& both the Lanczos process and the FLR
algorithm have not yet stopped, they have respectively generated the orthogo-
nal sequences uj, ..., u; and fy, ..., t;, in the Krylov subspaces /Cr(u;, A) and
Ki(r1, A). Since x; =0,

Ki(uiA) = Ki(ry, A), 3D
so that the statement holds from (13), (29), and Lemma 2.1. O

Theorem 4.2. The vectors u;, i > 1, and r;/||r;]|, i > 1, generated respec-
tively by the Lanczos process and the FLR algorithm with x; = 0, in exact arith-
metic satisfy the relation

ui = si(ri/llrill),  si € {+1, —1}. (32)
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Proof. By complete induction, x; = 0 yields
uy =ri/llrll = b/l1bll. (33)
Now, suppose that
ui—y = si—1ri—1/1lri-1ll;
we prove that
uip = siri/lIrill.

On this purpose, let [ be the number of iterations performed by Lanczos process
and the FLR algorithm, according to Lemma 4.1. Recall that the Lanczos vectors
ui, ..., u;, satisfy uiTuj =0, fz i # j > 1(Ref. 3). Furthermore, considering at
step kp of the FLR algorithm the dummy residual (Refs. 24, 20)

rep1 = —0re — (1 + ) sign (dp) Apy, (34a)
_ |di|
o = ———, (34b)
(17l + ldi)
. _ 17 dk 2 05
sign(dy) = {_1’ d =0, (34c)
the sequence ry, ..., r; satisfies riTrj = 0, where fz i #j>1(Ref. 1). Now,

observe that

u; € Ki(u, A), (35a)
i LIC;_1(uy, A) = span{iC; _p(u1, A), u;—1}, (35b)
ri € Ki(ry, A), (35¢)
ri LIC;i_1(r1, A) = span{; »(r1, A), ri—1}, (35d)

and from (33) and the inductive hypothesis

Kici(uy, A) = Ki_1(ry, A).
Thus, from (33) and (35), u; and r; are parallel. Finally, since ||u;|| = 1, the
relation (32) holds. O

Theorem 4.3. Consider the FLR algorithm in Table 1. Let x; = 0 and let at
ip the dummy residual (34) be calculated. At step i, if the parameter ¢; is chosen
according with

0<&<e¢, stepig, (36a)
0 <& <& <min{||Ap;[IPIr:112/11p: 1%, AP 1}/ Ouml I pi 1 P1gi 1)), stepiis,
(36b)
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then in exact arithmetic the sequences {u; } and {r; /||r;||} generated by the Lanczos
and FLR algorithms satisfy

uip = si(ri/llrilD), i =1, (37
where

s1=1, (38a)

§i = —Si_1 sign(pinlAp,-,l), if step (i — 1)4 is performed, (38b)

si—1 + —si—asign(p] ,Api_2),  ifstep (i —2)p isperformed, (38¢)

S;i = —Si_2, if step (i — 2)p is performed. (38d)

Proof. See Ref. 25.

Remark 4.1. Observe that condition (36) on ¢; is slightly less restrictive
in respect to condition (12) in Ref. 1, since it does not require the knowledge
of X,,. As regards the apparently cumbersome computation of ¢; in (36), refer
to the considerations in Ref. 1. We highlight also that the approximation of the
Moore-Penrose pseudoinverse A*, provided in (22) by algorithm FLR, is not in-
expensively available from the Lanczos process. In particular, the set of directions
t1, ..., t; should be ad hoc generated by the Lanczos process.

5. Lanczos Process from the FLR Algorithm

Note that the relations (37) and (38) are also a generalization of the results,
reported in Ref. 26, by replacing CG with the FLR algorithm. In particular, in
matrix terms, the Lanczos process gives at step k (Ref. 26)

" = Ul Au;, 39
where
So Y1
. i1 -
T = y Up=(ug---up),
< 81 Vi
Vi Ok

and relation (37) can be restated as
U, = RS, (40)
where

R = (ri/llrills oo ri/1Mrel D) s S = diagy o {si}-
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Combining (39) and (40), we obtain
1" = ST(RT ARY) Sy = S TR Sy, (41)

where the tridiagonal matrix 7;7™® is available at step k of the FLR algorithm. The
explicit expression of TFR, in terms of the coefficients of the FLR algorithm, is
given in Ref. 24.

Proposition 5.1. In the hypothesis of Theorem 4.3 and in exact arithmetic,
the tridiagonal matrix Tk(L) of the Lanczos process is a straighforward by product
of the FLR algorithm, as indicated in (41).

Furthermore, in the hypothesis of Theorems 4.1 and 4.3, the solution ¥ of
(1) provided by the Lanczos process, may be given in terms of the FLR algorithm
quantities. Indeed (Ref. 21),

= U[T]) soer, el = (1,0, ...0),
and from (40)—(41)
%= U [TTR] 7' Si0er = R [TFR] ™ Spd0er = Ry [T7R] ' [1bllen,

where the last equality follows from Table 2, relation elT =(1,0,...,0), and
(38).

6. Conclusions and Perspectives

This paper has described several properties of the FLR planar-CG algorithm,
proposed in Ref. 1, for solving indefinite linear systems. We have proved that the
sequence of orthogonal residuals {r;} of the FLR algorithm, yields the sequence
of orthogonal vectors {u;} of the Lanczos process, provided that the parameter
€; at step 7 of the FLR algorithm is chosen according with Theorem 4.3. Since
the FLR algorithm is a cheap CG-type method, this result encourages us to con-
sider a numerical comparison of these methods within nonconvex optimization
frameworks, where efficient tools for the solution of indefinite linear systems are
claimed.

On the other hand,we have studied the solution of the linear system Ax =
b, A € R indefinite and possibly singular, by means of the FLR algorithm: this
extended the results provided by the CG in the positive semidefinite case (Ref. 12).

We conclude that the FLR algorithm proved to be a general tool for the solu-
tion of symmetric linear systems i.e., for the search of stationary points of quadratic
forms in unconstrained optimization frameworks. In addition, the approximation
of the Moore-Penrose pseudoinverse A* provided by the FLR algorithm, may be
a fruitful instrument for the construction of preconditioners (Ref. 27). Finally as
Section 1 reported, the Newton method for the computation of real eigenvectors
could gain advantage from the consideration of FLR algorithm.
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