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Abstract. In this paper we define a new conjugate gradient (CG) based
algorithm, in the class of planar conjugate gradient methods. These meth-
ods aim at solving systems of linear equations whose coefficient matrix is
indefinite and nonsingular. This is the case where the application of the
standard CG algorithm by Hestenes and Stiefel (Ref. 1) may fail, due to a
possible division by zero. We give a complete proof of global convergence
for a new planar method endowed with a general structure; furthermore,
we describe some important features of our planar algorithm, which will
be used within the optimization framework of the companion paper Part 2
(Ref. 2). Here, preliminary numerical results are reported.
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1. Introduction

In this paper we describe a new iterative algorithm for solving symmetric linear systems with the

following general form:
Ar = b (1)

where A € IR™"™ may be indefinite and nonsingular, b € IR", and n is large. Several iterative
algorithms were proposed in literature for the solution of (1), however when n is large a specific
attention was devoted to iterative schemes, since their practical implementation often requires much
less than O(n?) floating point operations for a solution. This has led to the development of many
iterative schemes (see Refs. 3 -9 for complete tutorials), aiming at guaranteeing both efficiency and
effectiveness in the computation.

In the last decades, a larger number of real-life industrial applications have considerably taken ad-
vantage of the use of iterative methods, for the solution of large scale indefinite linear systems. In
addition the sparsity of the problems usually encourages the use of specific iterative methods (see
Refs. 9, 5 for some references).
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The versatility of iterative algorithms in solving large-scale problem (1), suggests their natural em-
bedding within optimization schemes too. In fact, consider the problem of minimizing the nonlinear
function f(x), where f : IR" — IR is twice continuously differentiable. We adopt the iterative scheme
Tpy1 = Xy + di, where the sequence {z;} approaches the solution z* and dj, is a suitable direction.
We can use Newton method (Ref. 10) for efficiently calculating direction dj which solves Newton
equation (see Ref. 11)

V2f(zp)d + Vf(xy) = 0, d e R", (2)

where V2f(x;) and V f(zy) are respectively the Hessian matrix and the gradient of nonconvex func-
tion f(z), calculated at the current point z;. The convergence performance of the optimization
method is strongly affected by the accuracy in solving (2), however the adoption of truncated schemes
when n is large, often does not require high precision in calculating an approximate solution d. In
particular, whenever the current point z; is far from z*, the calculation of the ezxact solution of
(2) turns to be worthlessly expensive. Thus, a reliable but simple iterative algorithm, which copes
with the case of V2f(z;) indefinite, would be highly desirable as a solver for the linear system (2).
Unfortunately the solution of (2) may be eventually a saddle point or a maximum point of f(z);
therefore the globalization scheme should properly take into account the local information on f(x)
contained in the direction dj, in order to avoid at least the convergence towards a maximum point.
The latter result may be achieved, in a linesearch approach, by means of a proper application of
the iterative method which solves large scale system (2). In particular, one way for obtaining such
a result is using the iterative method for providing a couple of directions, say dj and s, with the
following purposes:

dr approximately solves the system (2) and ensures the convergence performances in a neighbor-
hood of the solution point x*;

sk is a negative curvature direction of the function f(x), i.e. st V2 f(zx)sy < 0, and is calculated
in such a way that (Ref. 12)

3£V2f(:vk)sk —0 implies min{0, )\m[V2f($k)]} — 0, [|sk]| — 0,

where \,,[V?f(xy)] is the smallest eigenvalue of V2f(zy). The direction s; has the specific
purpose of forcing the convergence of the optimization method towards the point z*, which
satisfies the second order necessary optimality conditions, i.e. V f(z*) = 0 and s? V2f(z*)s > 0,
Vs € R".

Under mild assumptions (Ref. 13) it can be proved that, replacing the scheme x;,1 = x + dy,
with the scheme xy1 = z; + apdi + Oisk, for suitable ag, Bx € IR, is efficient and effective for the
convergence towards a z*, that satisfies the second order necessary conditions of optimality (Ref.
12). We remark that in this case the choice of the iterative method is crucial for the calculation of
vectors d and sy.

Another way for avoiding the convergence of Newton method towards a maximum point is by
means of a so called modified Newton method (Ref. 14), which is a globally convergent modification
of Newton method, in case the Hessian matrix V2f(x;) is not positive definite.

Here, the iterative method adopted for approximately solving equation (2), has to rearrange the
information on V2f(z;) provided by the Newton direction dy. In particular, the iterative method
should suitably separate the information contained in dj, which is related to both the convexity and
the concavity regions of f(x) near xj. In the related paper “Planar-Conjugate Gradient algorithm for
Large-Scale Unconstrained Optimization, Part 2: Application” we shall consider a modified Newton



method, which uses the planar-CG algorithm proposed in this paper, within a linesearch framework.
We shall give evidence about the importance of choosing the latter iterative method within an
optimization framework, by solving several problems of CUTE collection (Ref. 15).

The method we propose here is an extension of the CG method, which is an example of simple
and appealing iterative method that can be used as long as V2 f(x},) is positive definite. The CG
method was originally proposed by Hestenes and stiefel (Ref. 1) and is usually quite effective for
approximately solving the symmetric linear system (1). There are several iterative variants of CG
(see for instance Refs. 16 - 17), essentially aiming at a generalization of some properties of stability
and accuracy. However, when the matrix A is indefinite and we try to apply the CG, the basic
algorithm can stop beforehand and therefore it cannot be the method of choice.

Some attempts for overcoming the latter shortcoming are provided by the introduction of suitable
iterative methods (see Refs. 18 -20,9). Essentially, like the CG they generate at step k (k < n)
an increasing basis of independent vectors {b, Ab, ..., A¥"1b} (the Krylov subspace Ky(A,b)); then
they approximate the solution of (1) on this subspace. We can classify all these algorithms into the
following two classes (Ref. 21):

e the Ritz-Galerkin class: includes those methods which provide at step k the new residual
ry = b — Axyp, in such a way that:

Tk 1 ICk(A, b),

e the minimal residual class: here the iterative schemes generate at step k a solution x; according
to:

Tr = argming . :c1+l€k(A,b)||Am - b||§~

In this paper we focus on an iterative algorithm in the class of Ritz-Galerkin, which retains the
low overall computational cost of CG with respect to Lanczos, MINRES, GMRES, and maintains a
satisfactory exactness when applied for solving problem (1). More precisely we consider the category
of Planar Methods (for specific references see Refs. 22 - 24 along with Refs. 25 - 28); the general
rationale behind these methods may be roughly summarized as follows. Let A be indefinite and
nonsingular, and suppose we apply the CG for solving (1). Let p; be the conjugate direction at step
k, such that p! Ap, = 0, then a pivot breakdown occurs and the CG stops prematurely.

On the contrary, the planar CG methods generate a second direction g, and instead of performing
the search of the stationary point on the line x; + apr, « € IR (namely the ky-th CG-step), they
perform the search on the 2-dimensional linear manifold (namely the kp-th planar step):

xr + span{pk, qx}- (3)

The planar methods generate the direction g, such that the set {py,...,pk, ¢x} is independent. More-
over, they calculate the subsequent direction py 5 according to the relations p! Apyyo = ¢F Apy2 = 0,
1 < k, i.e. pryo recovers the conjugacy with all the previous directions ps, ..., pr, k-

The algorithm in Ref. 22 (addressed here as algorithm Hes) generates the vector g as follows:
in any case at step k the couple {pk,qr} is calculated, where the expression of ¢ is such that
gt Ap; = ¢t Aq; = 0, with 4,7 < k — 1. If p; and g form a sufficiently wide angle, then the kp-th
planar step (3) is performed; otherwise the standard CG iteration is calculated. On the contrary,
formally the algorithms in Ref. 23 (addressed here as Lue) and Ref. 24 (addressed here as Fas),
provide the second direction ¢ if and only if relation

prApr, = 0 (4)
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holds. Consequently in case 0 <| pf Apy |< ek, k < n and € is a small number, the algorithms Lue
and Fas perform a standard CG-step, even though it might be numerically unstable. Thus, further
accuracy in the practical implementation of these methods must be used, otherwise they might work
out inaccurate solutions. Algorithm Hes does not suffer for the latter drawback and in our experience
it usually provides more precise solutions with respect to the others. On the other hand Algorithms
Lue and Fas are computationally cheaper. Moreover, by setting condition (4) in Hestenes method,
we can straightforwardly device the coefficients of Algorithms Lue and Fas. Therefore the latter
algorithms will be roughly interpreted as a “simplification” of the former one. On this stream, the
present paper is concerned with introducing and developing an iterative algorithm, which recovers
both the general structure of Algorithm Hes and the low computational cost of Algorithms Lue and
Fas, in solving problem (1).

In the following sections we use the symbol || - || to denote both the Euclidean norm of a real n-
dimensional vector and a real n x n matrix. Moreover we shall use either the notation 'y or < =,y >
for the inner product between vectors x,y. The angle between vectors x and y will be indicated with
7, y, the field of complex numbers by C and with “z 1 y” we mean that 27y = 0. Finally Ay, and \,,
denote the largest and the smallest absolute value of the eigenvalues of the Hessian matrix V2 f ()

(which will be often addressed as matrix A), and the symbol “27 stands for “..by definition...”. All
the quantities calculated at step k£ will be reported with subscript k.

Section 2 introduces the new proposed algorithm where we suppose that the matrix A is indefinite
and nonsingular; the convergence properties are extensively pointed out in Section 2.1. Within these
sections a full analysis of global convergence is carried out. Finally, Section 2.2 deals with some
features of the directions generated by our algorithm, and Section 3 carries on a few conclusions and
perspectives, related to the treated subject.

2. New Planar Algorithm

As already observed in the previous section, at step k the planar methods contain a test for switching
between the CG-step k4 (in the manifold x4+ apr, « € IR) and the planar step kg (in the manifold
(3)): this test can seriously affect the behaviour of the algorithms. For Lue and Fas the test simply
attempts to verify whenever pl Ap, = 0. Thus, when pl Ap; is “small” but not exactly zero, the
application of these algorithms may involve some numerical approximations. This shortcoming turns
to be less relevant for algorithm Hes, since at step k the test on quantity A, = (pi Apk) (¢t Aqr) —
(pFAqi)? (ie. |Ar| < ex(pfAgqr)?, e =1/2) is an “inequality test” (see also Section 2.2).
However, the test on the quantity Ay is more expensive since it requires, at each step, the computation
of the vectors Apy, Agr. Hence we conclude that for the planar algorithms investigated, there is the
following trade-off: if the internal test is computationally cumbersome (e.g. Hes with respect to Lue
and Fas), the algorithm is less sensible to numerical approximations. Of course this property holds
within each iteration; thus, no final conclusion can be argued a priori on the overall behaviour of the
algorithms.

A question which deserves a further investigation, is the possibility of developing a new planar
algorithm from Hes, with the following two features:

e it must avoid the troublesome check of relation pf Ap, = 0 and replace it with an inequality
test;

e it must preserve the low computational cost of Algorithms Lue and Fas, in order to be compu-
tationally cheaper than algorithm Hes.



In Table 1 we propose algorithm FLR, which matches the latter requirements and partially recovers
the features of the algorithm in Ref. 22.

Table 1: Algorithm FLR for solving the linear system (1).

Step1l. Setk=1, x; € R", r, =b— Ax;.
If r1 =0, then STOP. Else, set p; = r;.
Step k. Compute dj, = pl Apy; set €, > 0.
If [d| > ellpx|”, go to Step ka.
If [di| < exllpxll?, go to Step kp.
Step ]{IA. Set A = T‘Z;pk/dk, Tyl = Tk + APk, Tk+1 = Tk — akApk.
If rp 1 = 0, then STOP. Else, set b, = —pZArkH/dk and
Prs1 = Trr1 + brpr. Set k =k + 1 go to Step k.
Step kp. If £ =1, then set g = Apy.
If £ > 1 and the previous Step is (k — 1) 4, then set By_1 = —(Apr_1)¥ Apy./ds_1 and
qx = Apr + Br—1Dr—1-
If £ > 1 and the previous Step is (k — 2)p, then set By = —(Aqip_2)T Apy, and
QG = Apr + Br—o(dr—2Gr—2 — Ox—2Pk—2)/ D2
Compute ¢, = ripe, 0 = plAqr, er = ¢t Aqr, Ay = drey — 52 and
Cp = (Ckek - 5kqf7’k)/AkZ dyp = (dkzqkTTk - (5k:ck)/AkA-
Set Tpo = Tk + CkPr + dilr, Thr2 = Th — CeApr — drAgy.
If rp1o = 0, then STOP. Else, compute b, = —q,{ArkH and
set prio = Tryo + Bk(quk — 0kpr)/Ak. Set k =k + 2 go to Step k.

2.1. Convergence Results

The following results can be established for the algorithm FLR described in Table 1. We introduce

the following convention which will be used for the proofs, in order to simplify the treatment (i < n):
if |pfAp;| > ellpi||*  then set a; =a; and t; = p;,

a; = ¢ and t; = p;,

if |pl'Ap)| < &llpil|> th t
i WlAn] < alpl? then ser { %76 A LT

Lemma 2.1. If residual ri ; [rgs2], calculated at step k4 [kp| of algorithm FLR, is not the
null vector, then the directions ¢;, ¢ =1,...,k+ 1 [k + 2], do not coincide with the null vector.

Proof.
The statement follows directly from the definition of r,; at Step k4 and ry o at Step kg. O

Lemma 2.2. If r; # 0, then di = 0 implies Ay # 0.

Proof.
Suppose dr = 0 and by contradiction consider A, = 0. This implies

0 = dkek—csz = —52 é —(qupk)Q. (5)

If the previous step was step (k—1)4 (i.e. di_; # 0), by construction pl Apy_; = 0, therefore relation
(5) becomes 0 = [(Apy + ﬁk_lpk_l)TApk]Z = ||Apg||*, which is a contradiction since matrix A is
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nonsingular and Lemma 2.1 holds. If the previous step was step (k — 2)p (i.e. Ag_o # 0), relation
(5) becomes

. T 2
0 = |:(Apk+ﬂk2(dk:QQk2_5k2pk2>/Ak2) Apk} = || Apkll*,

where the last equality is obtained by construction (the choice of coefficients b5 and Bk,g). Again,
Lemma 2.1 yields a contradiction. O

The previous lemma reveals that if matrix A is indefinite and nonsingular, algorithm FLR can
always perform either step k4 or step kg, hence it is well defined and cannot stick. In other words,
provided that the solution of (1) is not yet detected, from a theoretical viewpoint the algorithm
cannot stop.

Theorem 2.1. If residual ryy; [or 7o, calculated at Step k4 [or kg of Algorithm FLR, is
not the null vector, then we have

Aty € span{ty,..., tgi1}, (6)
and the following properties hold:
(A1) pi. At; =0, 1<k [ (A2) pf,,At; =0, i<k+1]
[ (B2) ¢LAt; =0, i<k—1]
(C1) rf t; =0, i<k [(C2) rit; =0, i<k+1]
(D1) rfr =0, i<k [ (D2) ri,,r =0, i<k ]

(E1) ripepi=ripr, i<k+1 [(E2) ripro=1Ipria, i <k+2].
Moreover item (B2) holds if 712 = 0 too.

Proof.
We prove the statements by means of complete induction. At first we verify them with £ = 1, then
we suppose they hold for index k — 1, finally they will be proved for index k. The symbol (Ai),,
A=A B,C,DE;i=1,2; h=1k— 1,k will be used to refer the item (A¢) in the statement of the
theorem, at step h of the induction process.
For k = 1 it is either ¢; = p; (if the first step was 14) or t; = p; (if the first step was 1g). In either
the case, since oy = a1 # 0 we obtain Ap; = At; € span{t,ty}. Moreover for k = 1, we have:

(Al);: here t; = py, thus p, | Aty = pJ Ap1 = (ro + bip1)T Apy = 0.

(A2);: Here we have to consider both the cases pt,,Ap; (t1 = p1) and pl,,Aq (t2 = q1), which yield
respectively:

. T A
PLoAp = (7“3 + b1 (diqr — 511?1)/A1) Apy =713 Ap =i q1 =0,
where the last equality is due to the choice of coefficients ¢; and cil, and

. T .
ProAg = (7“3 + b1 (digrn — 51p1)/A1) Ag =711 Aq +b, =0.



(B2);: Here the first significative value for index k is k = 3 (i.e. step 35 was preceded by step 1p*%),
thus there will be the two cases ¢f Ap; (t; = p1) and ¢ Aq; (t2 = ¢1). For the former one it is:

. T
q?,TApl = (Ap?, + Gi(dig1 — 51291)/A1) Ap, = (AP3)TAP1 = P3TA91 =0,

where the last equality is a consequence of item (A2);. The case g Aqy = 0 similarly holds for
the choice of coefficient (.

(C1);: We have the only case t; = ps: rlTle = (r; — a1 Apy))Tp, = 0.

(C2);: Two cases are possible (respectively with ¢; = p; and ¢y = ¢1); and we simply obtAain riop =
r1T+2q1 = 0, where the last equalities follow from the choice of coefficients ¢; and dj.

Suppose now that the statements hold for index k — 1, let us prove they hold for index k. In order
to prove At € span{ty,...,tx 1}, three cases must be considered: ¢, is calculated at step k4 (i.e.
tks1 = Dri1), tre1 is calculated at step (k — 1)p (i.e. again tgi1 = pri1), tke1 = qk. In the first
case we have a; # 0, therefore t;1 = 1511 + bkpr = (p1 — Z?:l a;At;) + bipg, so that the inductive
hypothesis yields Apy = Aty € span{ty,...,tx+1}. In the second case we have analogously:

k
ler1 = Pry1 = <P1 — Z%‘Atj> + bk—1(de—1qr—1 — Op—1Dk—1)/Dk—1,
j—1

hence, by the inductive hypothesis Aqy_1 = Aty € span{ty, ..., tx11}°.
The third case will be split in two subcases: the previous step was (k — 1) 4, or the previous step was
(k — 2)p. In the first subcase we have for g, the expression:

tey1 = qp = Apr + Be1pe—1 = App = Aty € span{tp_i,tri1},
while the second subcase follows similarly.

(Al)y: Two subcases are possible: pfﬂApi (t; = p;) with i < k and prrlAqi,l (t; = q;—1) with
i < k — 1 (where the last relation between indices 7 and %k holds since py,; was calculated at
step k4). In the first subcase if ¢ = k, then (A1), holds for the choice of coefficient by; if i < k
we have pf. Ap; = (rrs1 + bepr)T Ap; = 11, Ap;, where the last equality is a consequence of
the inductive hypothesis. Moreover we obtain r{HApi = (rp — arApp)T Ap; = 0, i < k, from
the inductive hypothesis, relation (6) and the choice of a.
Now let us examine the second subcase:

P Agioi = (rhsr +bepe) A = rlAg,  i<k-—1, (7)

which is a consequence of the inductive hypothesis. Now observe that vector ¢;_; was introduced
at step (i — 1), moreover from relation (6) we have:

Agi 1 = At;espan{ty,...,t;n}, 1<k-—1.

Hence for i = k — 1 we obtain Agy o € span{ti,..., %}, therefore by substituting in (7), two
cases will be allowed: either i, ,tx = 0 for the choice of coefficient ax, or rf,;t; =0, j <
k, for the inductive hypothesis. For ¢ < k — 1, considering again relation Aq;_1 = At; €
span{ty,...,t;y1} in (7) and the inductive hypothesis, we obtain again pi. ; Ag_1 = 0.

4Observe that the case k = 2 where step 2p is preceded by step 14 is a trivial case.

®Indeed suppose by contradiction oy = 0, for the inductive hypothesis this means px1 € span{ty,..., s}, which
yields a contradiction since pgy1 is also conjugate to the linear subspace span{t,...,tx}.
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(A2)k2

(B2)k2

Again two subcases can occur: pi. ,Ap; (t; = p;) with ¢ < k and p}, ,Agi1 (t; = ¢;—1) with
i < k+ 1. In the first subcase if ¢ = k then p} o Apr = (rpio + br(drgr — Okpr) /D) Apr =
ri. 5 Apy, moreover from relation (6) we have:

Apy = Aty € span{ty, ..., tgy1} = span{ty, ..., tk 1, Pk, Gk}

Now, since TkT+2pk = 7",€T+2q;.C = 0 for the choice of coefficients ¢; and cik, in order to prove that
ri. ,Apr = 0 it suffices to show that r}_,w =0, Vw € span{ty,...,t,_1}. On this purpose the
inductive hypothesis yields:

. T
rgﬂw = (rk — epApr — dkAqk) w =0, YVw € span{ty, ..., tx_1}.

On the other hand, if ¢ < k we have:

R T
PrioApi = (rk+2+bk(dszkz—(5kzpk)/Akz> Api = 1 ,Ap = 0, i <k,

where the second equality is a consequence of inductive hypothesis, and the last equality holds
from relation (6), the inductive hypothesis and the choice of coefficients ¢, dp.

In the second subcase, if i = k + 1, then (A2); holds because of the choice of coefficient ZA)k;
moreover, if ¢ < k then:

R T
p£+2AQi—1 = (Tk+2 + bk(dek - 5kpk)/Ak) Agi—y = 7‘£+2A%'—1, i <k,

where the last equality is a consequence of the inductive hypothesis. Now, by simply following
the guidelines of the proof for the second subcase of (A1) (see relation (7)), we obtain

rhoAg 1 =0, i<k

The vector ¢, is calculated at step kp and two subcases are possible: either the previous
iteration was step (k — 1)4 or the previous iteration was step (k — 2)p. In the first subcase it
is qx = Apk + Bk_1Pk_1, thus, if : = kK — 1 (i.e. t; = px_1) then the choice of coefficient Gy 1
yields g Apx_1 = 0. On the other hand if i < k — 1, then we have

qr Aty = (Apy + Br_1pe—1)T At; = (Apr)T (At;) + Be_1pf_ At = 0,

where the last equality follows from the inductive hypothesis and relation (6).

In the second subcase it is g = Apx + Ok _2(dk_2qk—2 — Ok _2pk_2)/Ak 2. Then, if i = k — 1
(t; = qr_2) the choice of coefficient Bk,g yields (B2)g. If ¢ = k — 2 (t; = pr_2) it suffices to
observe that

N T
qupk:—2 = (Apk + 5k72(dk72q}:72 - (5k72pk72)/Ak72) Apk72 =0,

where the last equality is a consequence of relation (6) and (A2);. Finally, when i < k — 2 we
have relations:

. T
quti = (Apk + Br—2(dr—2Gr—2 — 5k72pk72)/Ak72) At; = (Apy)T At;,

where the inductive hypothesis yields the last equality. Again invoking relation (6) and using
(A2); we complete the proof of item (B2).



(C1)x

(C2)x

: Since residual 75,11 was calculated at step ka we have r{, t; = (rp —apApp)'t;, i <k. Ifi=k,

the choice of a; annihilates the right hand side. On the other hand if ¢ < k it can be either
t; = p; or t; = q;_1, then the inductive hypothesis annihilates both terms of the right hand side.

: Since residual r;. » was calculated at step kg we have rgﬁti = (rk—ékApk—czkAqk)Tti, 1 < k+1,

and we can follow step by step the guideline of (C1).

This completes the proof of items (A1), (A2), (B2), (C1), (C2).

(D1)

(D2):

: It can be proved by means of complete induction. For k = 1 we have rlTHri =rlr =rI'p =0,

where the last equality holds from point (C1). Now suppose (D1) holds for index k& — 1, let us
prove it for index k. Since residual r,; was calculated at step k4, we have relations:

riars = (re — axApr)T (i — bimipic1), 1 <k
Tngl?“i = (Tk; - ak:Apk)T (pi - Bi72(di72%‘72 - 5i72pi72)/Ai72) ) i < k.

When i = k, items (A1), (A2) and (C1) along with the choice of coefficient a; annihilate the
right hand sides of the previous relations. When i < k, then items (A1), (A2), (C1) and the
inductive hypothesis again annihilate the right hand sides of the last relations.

Substantially we follow the guidelines of the previous item (by means of complete induction).
For k = 1 we obtain relation r{,,r; = rir; = rip; = 0, where (C2) yields the last equality.
Now suppose (D2) holds for index k — 1. Observe that residual 74,5 was calculated at step kg,
then we obtain relations:

Thiori = (rg — éLApy — A Age)T (pi — bi_1pi_1), 1 <k
rEori = (rp — enAp — drAge)” (pi — by o(di 2g; 2 — 5i72pi72)/Ai72) : 1<k

and with a similar reasoning in respect to (D1), the right hand sides of the previous relations
are zero.

(E1): From item (A1) we have directly relations
i—1 T
riTpkH = (7"1 - ZajAtj> Der1 = rlTpk+1, 1 < k+1.
j=1
(E2): Analogously to (E1) we get 7l prio = rlprie, i < k+2, from item (A2). O
Theorem 2.2. Suppose matrix A is indefinite and nonsingular, and Algorithm FLR generated
directions tq,...,tx. Then ty,...,t; are linearly independent.
Proof.

By contradiction suppose

k
Z’YSts - 07 Vs € ]R,, (8)
s=1



where at least one of the coefficients -y, (say 7z) is non zero. Two cases must be considered, depending
on whether Algorithm FLR performed step 54 or step 55°.

In the former case we simply multiply both the sides of relation (8) by the vector Aps, and since
pL Aps # 0, we obtain the contradiction:

0= ’nggApg — 7 =0

In the second case the algorithm performed the planar step Sp and generated the directions t; = ps
and tz,1 = gs; thus, by multiplying relation (8) by vectors Aps and Ags, and considering that Az # 0,
we obtain the contradiction:

0 = vspL Aps + vs119F Aps , 0 = vspt Ags + Y5414 Ags
()

¥ = Ys+1 = 0.

The next theorem summarizes the convergence features of the proposed algorithm.

Theorem 2.3. Suppose that the symmetric matrix A in (1) is indefinite and nonsingular,
then Algorithm FLR solves linear system (1) in at most n steps.

Proof.
At step k, Algorithm FLR has already generated k linearly independent directions %4, ..., tx, thus
k <n. In addition, suppose the algorithm stops at step m, then the point

¢ = o1+ Zaiti, m < n, (9)
i1

is a solution of problem (1), ie. ry =Y ..", a;At;. Indeed, this follows from Theorem 2.1, after the
multiplication of relation (9), by means of either vector Ap; (step i4) or vectors Ap;, Ag; (step ip).
Thus, we obtain the expressions of a; (step i4) and «;, ;11 (step i) in Algorithm FLR. O
We remark that, like the CG, in this planar scheme for each step we attempt to determine the
solution of system (1) on a linear manifold, whose dimension is increased step by step.
A final numerical consideration should be pointed out with regard to the quantity A,. In fact we
can interpret the statement of Lemma 2.2 in the following weaker form: although quantities dy
and Ay cannot be both zero, whenever dj, is near zero then Aj; may be near zero too. Of course
this situation may occur in practice and the application of Algorithm FLR stops prematurely: this
motivates further investigation on the properties of the quantity Ay in the next section.

2.2. Direction angles generated by Algorithm FLR

In this section we shall point out an interesting feature of the vectors ¢;, i > 1 (see Section 2.1)
generated by algorithm FLR. In particular, we prove that the test performed at step k by the latter
algorithm, affects the angles among the directions that it generates.

6More exactly a third possibility should be examined, in case algorithm FLR performs step (3 — 1) 5. However this
case may be treated likewise the second case.
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2.2.1. Direction angle in a planar step

Let us consider the test at step k£ of algorithm FLR; we are concerned with proving the following:

Proposition 2.1. At step kp of algorithm FLR the relation Ay = 0 holds if and only if
vectors pi and g are linearly dependent.

Proof.
After a short calculation we can verify the relation A, = det(A), where:

T
7 Pe Gk A2 0 Pe Ok 2x2
A= € R, 10
< Pk Qk ) < 0 A/2 Pk Gk (10)
hence A;, = 0 if and only if the matrix A has not full rank (Sylvester’s inequality), that is if and only
if vectors py and ¢ are parallel. O

This result ensures that if Ay # 0 at step kg, then vectors p, and g, identify a “plane”. Now, we
prove that by a proper choice of the parameter ¢, we have (see also Ref. 22):

R < A< 82, (11)

where Ay = die, — 62, with dy, = pl Apk, ex = ¢t Aqr, 0x = Pl Aqr = ||Ape||*>. On this purpose
let € > 0, and suppose pr and q; are both available at step k. Then, set ¢, > 0 according to the
expression

€ < e < min{ Ay llpell/llall s Anllpell?/ @Anllaell) § - (12)
Proposition 2.2. Suppose at step k of algorithm FLR the test
|di| < exllpsll? (13)

holds, where ¢ is chosen according to (12). Then, at step kp of algorithm FLR the following relation
holds

~0E < A< —02/2, (14)
where &), = pl Aq, = || Ape .
Proof.
At first observe that by definition dj = 0 implies A;, = —d2. Moreover, in case we are performing

the kp-th step we have |drex| = |(pF Apr) (¢ Aqr)| < exllprll?laf Aqi| < exAnrl|prll?|lge]|?. This means

that in order to impose the relation

|0k Api) (a; Agi)| < 07/2, (15)

it suffices to set € such that ey ||prl|?||gx|* < 02/2. Now, from the expression of g and Theorem
2.1, 62 = || Apx||*, thus the previous relation yields €, < || Apk||*/(2Aarllpel?llgxl|?), which straight-
forwardly holds in case ¢ satisfies relation (12). Therefore, in case ¢ is chosen sufficiently small,
according to (12), we have from (15)

Ai = dier, — 0 < (0 Api) (0 Age)] — [ Apell* < [|Apel1*/2 — [ Apell* = — [l Apill*/2,  (16)

which is the rightmost inequality (14). O

11



Now, suppose relation (14) holds. Then, from Proposition 2.1 and the relation ||pg|| > ||7%] > 0
vectors pr and ¢, are not parallel. Moreover, Proposition 2.2 ensures that there exists a negative

constant oj, such that
Ap = 0302, —1< o0, < —1/2. (17)

We shall prove now that the relation (17) implies a condition over the angle ¢, between p; and g.
On this purpose we rearrange relation (17) as Ay — 0302 = 0. Then, similarly to (10) we will find the
matrix By € IR?*? such that A, — 0102 = det(By). Finally we shall point out suitable conditions on
the coefficients of By, by imposing Ay — 0302 = 0 (i.e. relation (17)): the latter conditions will be
used for investigating the angle . To this end we want to determine a pair of complex coefficients
a and b (and the corresponding complex conjugate @ and b), which verify the relation:

i T
apr Gk AJ2 0 apr  qk
= det - 18
¢ ( Pk ka) < 0 A/2>< Pk b%)] (18)
[ 1/2(aa + 1)pt Apr  1/2(a+ b)pk Ag
= det

| 1/2(a+b)gt Apr  1/2(bb+ 1)g} Ags,

Thus, if we indicate with | a | and | b | the moduli of a and b, from the calculation of the last
determinant we can deduce the conditions:

(la?+D)( 0> +1)/4 =

la+b|>/4 = 10y, (19)

which will be used later on. Now, observe that
‘< ( L > | ( o ) >‘ - ’< < e ) | ( 2 ) >‘ = [@+bpfal . (20)
Considering again the relation (18), we have det(By) = 0 if and only if the complex vectors
(2) - (2)
Pk by,
are linearly dependent (with a and b defined by (19)). Thus, relations (20) and (18) imply:

\<<“§’;>’<b3:>>LH<“ik> H( )l

la+0b|

| prar | =

and performing the calculation we obtain:
| piar | = (aa+1)"2pil| (00 + 1) |lgll/ | a + D .

If we denote with ¢, the angle between vectors p and ¢, we obtain:

_ - 1/2
cosgy | 2 2Bl (aa+ 1)@+ 1]"  [(|al?+1)( b > +1)"
12kl ll g | la+0| la+0b| ’
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and from (19)
| cospy | = 1/vV1— oy, —1<op < —1/2.

Finally, by considering all the feasible values for cos ¢ we have either:
cospr = +1/v/1— oy, —1<o0,<—1/2
cospr = —1/y/1— oy, -1 <o, < —1/2.

Therefore, we summarize the latter result with the following proposition:

Proposition 2.3. Let ¢, be the angle between vectors p, and g at step kp of algorithm
FLR. Suppose the test on dj, is performed with €, according to (12); then, the angle ¢, verifies one
of the following bounds:

B > cospe > 12 o
—1/V/2 > cosgy > —\/m.
O

This implies that, as long as €, is chosen according to (12), at the kp-th planar step the directions py
and gy, are linearly independent. Furthermore, observe that when at step k we perform the test (12),
the direction ¢ is not available. However, the computation of ¢y is a straightforward combination of
the vector Apy with either p,_; (if the previous step was step (k—1)4) or px_o, qx_o (if the previous
step was step (k — 2)p). These vectors are all available at step k, therefore no further calculation is
required in performing the test (12), for vector g.

2.2.2. Angles among the directions belonging to different steps

Here we want to prove that the directions t1, ..., %, generated by the algorithm FLR up to step k4 or
(k—1)p, k < n, are uniformly linearly independent. In particular we accomplish the result evaluating
an estimate for the angles formed by directions ¢, ..., %;. Suppose the set of directions {¢1,..., %},
k < n, was generated by algorithm FLR and at step ¢ < k the parameter ¢; is chosen according to
relation (12). Three possible cases may be considered:

1. Directions ¢; = p; and t;, @ # j < k, are respectively used inside steps ¢4 and either step j4 or
jp of Algorithm FLR”, thus from Theorem 2.1

prAt; = 0. (22)
Now, consider that at step i4 of algorithm FLR either
p; Api > €i|pill? (23)

or
pi Api < —€i|lpi]|*. (24)

From (23) we derive the following result:

)é (Api)Tpi < EiniH2

COS(A;T]} =
v [Ap[lllpsll ~ Anellpi]l?

ei/)\M7

"We remark that if direction ¢; is used inside step jp, then the results that we obtain in this item hold for direction
tj+1 too.
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and a similar conclusion holds for relation (24) too. Thus from relation (22) and (23) we get
7/2 — arccos (e;/Ay) < |pit;| < /2 + arccos (ei/Ay) (25)
while from relation (22) and (24) we obtain likewise

7/2 —arccos (€;/ ) < ﬁ < 7/2+ arccos (¢ /) . 26
/ (ei/Amr) < |pityl / (€i/Anmr) (26)

. Directions t; = p; and t;, j < i < k (the same results hold for ¢, too), are respectively used
inside step ip and step jp of algorithm FLR, thus p! At; = 0. From Theorem 2.1 we have
ripi = |[ril|* = cos(ri, pi) |[ril||psl, thus

cos(ri, pi) = [|7ill/[lpill- (27)

Since we performed the ip-th planar step, it is t; = p; = ; + l;i_g(di_QQi_Q —0i_opi_9)/Ai_o (see
Table 1), with b;_o = —qL ,Ar;, or p; = r; + b;i_1p;i_1, with b,_; = —p> | Ar;/pE | Ap;_1.

e In the first case it is straightforwardly seen that bi o = —qr JAr; = (Ap; 2)T Ar;. Further-
more if we consider for €; 5 the relation (12) and for A; 5 the relation (16) we have:

lpill < |l + Z;ifQ(difZ(]i72 _5i72pi72)/Ai72H

<l + Z;ifQ/Ai72‘ | di—2qi—2 — || Api—2*pi—2||

< ||,,,|| + ’(Api*2)TAri’ Hdi*QHIQi72H + )‘%JHPFQHS]

- (P 2 Api—2)(q] 2 Aqi—2) — || Api—2||*|
22 o o NP 22 NIE:

< HTZH 1+ MHpZ 2” [61 2HpZT2H HQZ 2”‘; Msz QH ]

H\Apisz - (pi72Api72)(Qi72AQi*2)‘

)\2 i )\2 i 3 )\2 i 3

< nil {1+ arllpizall [ MHi Al +4 vllpi—2ll ]}

1/2%,[|pi—2|l

< il 1+ 4O/ 2]
Hence, the choice (12), the previous relation and relation (27) yield
cos(ri, pi) > Ab /(AL +4X5)).

Finally, since r1t; = 0 (and r}t;;1 = 0) we simply have the final relation
1

/2 — arccos [m

— AL
:| S |pl,tj| S 7r/2—|—arccos {m} . (28)

e In the second case, with a similar reasoning we obtain

\rall /il > €i—1/(€i-1 + Anr) = cos(ri,pi) > €—1/(€i—1+ Anr)-

and a relation similar to (28) holds.
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3. Directions t;11 = ¢; and ¢; (or t;;1) are respectively used inside steps ip and jp of algorithm
FLR. We already know that ¢/ At; = 0 and, in order to estimate the angle q?,\tj, we consider
relation ¢! Ap; = cos(qi, Ap;)||q:||||Api||. From the expression of ¢; in Algorithm FLR and
Theorem 2.1 we have g/ Ap; = || Ap;||?, thus cos(q;, Ap;) = [|Apill/llaill = Amllpill/lill-
Finally, from (12) we retrieve the expression of ||p;||/||¢:|| and we obtain

cos(q;, Ap;) > min {5/)\%4, V2€)\M/)\72n} , (29)
hence, since (Ap;)'t; =0 (and (Ap;)*t;41, = 0) we simply have the final relation

TV - T
: At H <|g,t;] < g+arccos {min{ ‘ Aut H :

A A A

™ .
5 — arccos [(min

Taking into account relations (21), (25), (26), (28) and (30) we have the following result, that
summarizes the contents of the last two sections:

Proposition 2.4. Let {t1,...,t,}, h < n, be the vectors (defined in Section 2.1) generated by
Algorithm FLR. Suppose at step k of Algorithm FLR the test on dj is performed with ¢, according
to (12). Then, the directions {¢y,...,t,} are uniformly linearly independent.

We complete this section by observing that the test (13) is inexpensive inasmuch as all the
quantities it contains were already calculated at the general k-th step. In addition consider that
lpkl| > ||7%]; thus, the bounds (12) on €, may become unreliable only in case of large ill-conditioning
of the matrix A.

In order to appreciate the conclusion of Proposition 2.4, observe that in case exactly n directions t;,
it =1,...,n are generated by the algorithm FLR, for the matrix A the following factorization holds

A= P"BP, P=[ty--t,)],
where the matrix B has the expression
B = diag;.,,{Bi},
p Ap; if the step i is the step iy
B; = PiTApi PiTAQi
if the step i is the step ipg.

" Ap; ¢l Ag

Thus, whenever the directions {¢i,...,%,} are uniformly linearly independent, the algorithm FLR
has explored the Krylov subspace K,,(r;, A) = IR" and the condition number x(P) = ||P|[||P~!] of
matrix P can be suitably bounded.

3. Conclusions and Perspectives

In this paper we have proposed a new CG-type method for the iterative solution of large-scale in-
definite linear systems. One of the remarkable features of the scheme, is the capability of exploiting
the negative eigenspaces of the indefinite matrix A in (1). This avoids the well known premature
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stopping of CG algorithm in the indefinite case.

A complete comparison between the planar CG methods and the other Krylov algorithms for indef-
inite linear systems will be investigated in future works.

Although Algorithm FLR in Table 1 was conceived for being embedded in an optimization frame-
work, we also tested it as a solver of symmetric indefinite linear systems. In particular we considered
the solution of linear system (1) with n = 500, where we assigned both the condition number (cond)
and the clustering of the eigenvalues of the matrix A. More specifically, we randomly generated
the symmetric nonsingular matrix A with the same number (n/2) of positive (A, i =1,...,n/2)
and negative (\;, j =1,...,n/2) eigenvalues. We assigned the condition number cond, by means
of imposing 0 < Aj < A7 < A7, and 0> Ay > A7 > A, with A, = A = [A;| = 1 and
A = )‘I/2 = \)\;/2\ = exp(cond). Furtherly, we introduced a clustering for the eigenvalues A\,

i=2,...,(n/2—1)and \;, j=2,...,(n/2—1), around either A\] (and respectively A) or )\:{/2
(and respectively )\;/2). The results are reported in Table 2, where Z is the solution detected, x* is
the known solution of the linear system, r = b— Az, iter is the number of iterations, Pla the number
of planar steps and with frac € (0,1) we control the clustering. Each row figures out the average
results over 20 instances independently generated.

We highlight that the versatility of iterative methods in investigating the solution of indefi-

nite problems, induces to conjecture that the application of the proposed new algorithm, might be
specifically fruitful when used within optimization frameworks. In particular, this holds whenever
we consider either “highly” nonlinear and/or nonconvex problems, where the overall optimization
method often requires the use of negative curvatures (see Refs. 11, 13, 30, 31, 12) and the CG is
definitely ineffective.
To this end a preliminary numerical experience in applying Algorithm FLR, is provided in Part 2.
Further results will be provided in forthcoming papers, where the case of singular matriz A will be
considered too. Finally, it seems still necessary to give a full evidence that our approach may be
competitive with other algorithms in the literature. Indeed, the clear identification of those problems
where the planar methods might be preferable, is under investigation.
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Table 2: Algorithm FLR as a solver of nonsingular indefinite linear systems.

A = Am < frac(Aar — Am) A — Af < frac(Aar — Am)
A1 =Am < frac(Aa — Am) Am — [Af ] < frac(An — Am)
cond |z — «*|] rll/llr1]l iter  Pla |z — *|] el /Nl ] iter  Pla
frac=1.0

(0) 0.739E-15  0.413E-12 2.0 0.0 0.113E-14 0.622BE-12 1.9 0.1
(2) 0.885E-08  0.106E-05 93.7 0.8 0.860E-08 0.103E-05 93.5 0.5

exp(4) 0.891E-08  0.152E-06 527.5 0.8 0.898E-08 0.156E-06 520.6 1.2
(6) 0.855E-08  0.204E-07 1216.1 1.6 0.872E-08 0.207E-07 1344.1 1.4
(8)

exp 0.471E-07 0.156E-07 1635.0 1.0 0.958E-04 0.296E-04 1982.2 1.6
exp(10) 0.119E-03 0.530E-05 2510.4 3.8 0.368E-07 0.153E-08 1664.6 0.2
frac=10.8
exp(0) 0.181E-14 0.975E-12 1.9 0.1 0.175E-14 0.953E-12 1.9 0.1
exp(2) 0.830E-08  0.118E-05 80.5 0.5 0.811E-08 0.881E-06 52.0 0.1
exp(4) 0.906E-08  0.195E-06 480.4 0.9 0.800E-08 0.125E-06 98.5 0.1
exp(6) 0.872E-08  0.256E-07 983.1 0.6 0.815E-08 0.172E-07 129.8 0.1
exp(8) 0.475E-03  0.195E-03  2345.1 3.3 0.818E-08 0.234E-08 170.9 0.1

exp(10) 0.186E-03  0.949E-05 1969.3 1.0 0.745E-08  0.284E-09 184.6 0.0
frac=0.6
(0) 0.954E-15  0.527E-12 1.9 0.1 0.189E-14 0.104E-11 1.9 0.1
(2) 0.790E-08  0.138E-05 65.9 0.5 0.461E-08 0.459E-06 35.7 0.1
exp(4) 0.880E-08  0.245E-06 389.4 0.7 0.741E-08 0.102E-06 58.9 0.1
(6)
(8)

0.888E-08  0.339E-07 1553.4 2.4 0.602E-08 0.114E-07 69.6 0.0

exp 0.669E-05 0.347E-05  2400.2 2.4  0.646E-08 0.166E-08 83.4 0.0
exp(10) 0.112E-03 0.850E-05 1726.5 0.2 0.621E-08 0.215E-09 97.3 0.0
frac=0.4
exp(0) 0.334E-14  0.186E-11 1.9 0.1 0.783E-15 0.432E-12 2.0 0.0
exp(2) 0.775E-08  0.175E-05 50.4 0.3 0.275E-08 0.244E-06 26.0 0.0
exp(4) 0.896E-08  0.360E-06 298.4 0.5 0.540E-08 0.666E-07 36.0 0.1
exp(6) 0.868E-08  0.490E-07  1044.8 1.1 0.360E-08 0.608E-08 45.7 0.0
exp(8) 0.143E-02 0.113E-02  2199.4 2.5 0.411E-08 0.935E-09 54.6 0.0
exp(10) 0.256E-04 0.287E-05 1773.5 1.0 0.629E-08 0.192E-09 90.0 0.0
frac=10.2
exp(0) 0.111E-14 0.614E-12 1.9 0.1 0.320E-14 0.176E-11 2.0 0.0
exp(2) 0.528E-08  0.167E-05 32.2 0.1 0.402E-08 0.324E-06 17.9 0.1
exp(4) 0.913E-08  0.649E-06 171.2 0.2 0.610E-08 0.679E-07 24.0 0.1
exp(6) 0.854E-08  0.884E-07 842.4 0.8 0.401E-08 0.600E-08 30.0 0.0
exp(8) 0.177E-01  0.260E-01  2002.5 2.6 0.322E-01 0.670E-02 284.2 0.0

exp(10) 0.337E-07 0.604E-08 1778.2 0.7 0.275E-08 0.767E-10 41.6 0.0
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